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ABSTRACT

Multi-part Balanced Incomplete Block Designs combine many orthogonal balanced
incomplete block designs in the same block. The design has been used to study cancer trials
with medical centres as blocks. Various design layouts have been constructed for a
restricted number of cancer types and drugs. However, parameter estimation, hypothesis
testing, and model building for the constructed design layouts have not been considered.
Based on the preceding, we proposed an additive model for the design (2-part Balanced
Incomplete Block Designs) and estimated its parameters using the least square method. The
parameter estimation precipitated the formation of the ANOVA table which paved way for
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the hypothesis testing procedure.

INTRODUCTION

A balanced incomplete block design (BIBD) is an
incomplete block design in which ¢ blocks have the
same number of s plots; each treatment is replicated
times in the design. More so, each treatment occurs at
most once in a block, and every pair of treatments
occurs together A times in the ¢ blocks. The design is
used to improve the efficiency and precision of the
estimates when some fraction of treatments atre
allocated into blocks of size s < 7 (Alawode ¢ al., 2012).
Balance is achieved if every treatment occurs an equal
number of times in the design and each pair of
treatment occurs together an equal number of times
across all the blocks in the design (Mason ¢z a/., 2003).

Multi-part  Balanced Incomplete Block  Design
combines many orthogonal balanced incomplete block
designs in the same block (Bailey and Cameron, 2019).
The design has been used in cancer trial experiments,
allowing each medical center to treat only a restricted
number of cancer types and a restricted number of
drugs. Under this setup, various design layouts has been
constructed Bailey and Cameron, (2019). Luna et al,
(2022)  wutilized 2-part design to compared the
efficiencies of Orthogonal array composite designs
relative to the central composite design when there are a
few missing observations from one factorial point and
one additional point. Karmakar et al. (2023) used two-
part designs in selecting the best possible components in
integrated farming system that involve two groups of
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treatment arranged in incomplete blocks with respect to
both groups, and the concurrence of treatment pairs
within and between groups is constant. However, no
standard statistical procedure has been proposed for the
constructed layouts, such as parameter estimation,
hypothesis testing and model building. This work
therefore, considered 2-part Balanced Incomplete Block
Design (2pBIBD), a combination of two orthogonal
BIBDs in the same block and proposed a suitable
statistical model for the design, estimated the model
parameters and constructed the ANOVA table for
inference-making.

DESIGN LAYOUT

Suppose we want to perform an experiment with two
factors say factor 1 and factor 2, each at # and # levels
respectively (e # treatments of factor 1 and #
treatments of factor 2). Suppose also that the
experiment involved blocks that cannot accommodate
each factor’s levels. This experiment can be arranged in
an incomplete block design manner, and can be called 2-
part balanced incomplete block design (2pBIBD) if the
following conditions are satisfied; (Bailey and Cameron,
2019).

1. Each block can only accommodate s; of the #
treatments of factor 1 and s, of the %
treatments of factor 2. Where s; < #, 52 < 2 and
)
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2. Each pair of treatment of factor 1 appear
together in the same block A; times. Also, each
pair of treatment of factor 2 appear together in
the same block A2 times

3. Each treatment from factor 1 appear with every
treatment of factor 2 A;» times, that is, the
treatment of factor 1 and 2 are orthogonal

The layout of such design is given in Table 1, with #
=06;=>5;5sy=3and 5, = 2.

Table 1: Concise form of the layout

Block Cancer types Drug

1 T1,7T2,T3 V1, V5
2 T1,T5,T6 V1, V2
3 T1,T3, T4 V2,V3
4 T1, T2, T6 V3, V4
5 T1, T4, T5 V4, V5
6 T2, T4,T5 V1,V3
7 T2,7T3,T5 V2, V4
8 T3,T5,T6 V3, V5
9 T3, T4, T6 V1, V4
10 T2, T4, T6 V2,V5

Source: (Bailey and Cameron, 2019)

This layout is presented in Bailey and Cameron (2019);
the design is for six cancer types and five drugs; each
block (medical centre) can only accommodate 3 cancet
types and 2 drugs. The layout can be presented in a
different form as in Table 2, see (Bailey and Cameron,
2019)

Details on how to come up with minimum number of
blocks given different number of treatments and block
sizes for the two factors is found in Bailey and Cameron
(2019).
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Table 2: Layout of 2-Part Balanced Incomplete Block
Design

Block Cancer
T1T T2 T3 T4 'T5 T6
1 Vi, V1, Vi1,
V5 V5 V5
2 Vi1, V1, Vi1,
V2 V2 V2
3 V2, V2, V2,
V3 V3 V3
4 V3, V3, V3,
V4 V4 V4
5 V4, V4, V4,
V5 V5 V5
6 Vi, Vi, Vi,
V3 V3 V3
7 V2, V2, V2,
V4 V4 V4
8 V3, V3, V3,
V5 V5 V5
9 Vi1, Vi1, Vi,
V4 V4 V4
10 V2, V2, V2,
V5 V5 V5

Source: (Bailey and Cameroon, 2019)

THE PROPOSED MODEL

This research proposed an additive model with fixed
treatments and blocks.

Yik = M+ + By + Vi + E @
Where:

i 1s the observation in block k that receive treatment 7
of factor 1 and treatment ; of factor 2

w is the grand mean
ag 1s the treatment 1 effect of factor 1

By 1s the treatment j effect of factor 2
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v 1s the block k effect
&ix 1s the random error associated with observation y;i

under the assumption that;
t t, c )
Yo=Y B=)7=0  ande, ~NID(Q,0?)
i i k

where
i=12....t, j=12...t, and k=12....c

Note that the subscript 7and ; of treatments a; & fj
where written in braces because the treatments depend

on the block in the model (Mills, 2014)

The total number of observations IN in the experiment is
given by
N = Cs;s,
=tns, or Lrs

The design can be considered as a Balanced Incomplete
Block (tl, S /’11) Design replicated S, —times or a

Balanced (t2 1Sy ﬂz) Design
replicated S, — times .

Incomplete  Block

Therefore all the relationships between the Balanced
Incomplete Block Design parameters are satisfied.

ESTIMATION OF PARAMETERS

The model parameters were estimated using Least Square
Estimation.

Given the model,

ik = 1+ + By + 7+ Es

We need to estimate the parameters to minimize the sum
of squares error.

Let
‘//zzzzgi?k=ZZZ(Yijk_ﬂ_ai_ﬂj_7k)z- @

To estimate the grand mean, we have
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Z—Z:—Zzzg(yijk —u=0=Fi=7),

Setting the equation to zero gives

Zzz(yijk _ﬁ_ai _IBj —]/k) =0
i j ok
i | J

implying that
SYTh.
A i —
fl=—"—""—=Y. C)
CS,S,

To estimate the block effect, we have

0 N
a_l//:_ZZZ(yijk —H—G _,Bj =7
Yk i

setting the equation to zero gives

zz(yijk —u—o;=pBi-7)=0

ZZ Yiik _Slszﬂ_szzai _SIZﬁj —55,% =0
i j 1 J

implying that
Z z Yii
V=————=Y V. @
518,

Since A& it depend on the block in the model,
we need to rewrite the model in the form:
] t
a b
Yik =+ Y+ zé}kaa + Zajkﬂb + Eijics
a=1 b=1
©)

where O, is the incidence plot 7, and
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. |1 if treatment a is present in cell ik

710 if treatment a is not present in cell ik

therefore
DOk =n & XY Si=r,
i ik

where N, is the incidence of occurrence of treatment &

in block 4.

Similarly, & jk is the incidence on plot /&, and

, |1 if treatment b is present in cell jk

*710 if treatment b is not present in cell jk

therefore

Z 6 JI'Ok =Ny,
i

D5 =t
ik

where N, is the incidence of occurrence of treatment &

in block A.

So we re-estimate the block effect as;

t
a_W:_zzz(y.,k u- Zdi =255y = 1)
b=1

Setting the equation to zero gives

ZZ(yijk_fu_Z e 25

-7)=0
{ t
ZZ Vi =SS~ Szz Ny @, — Slz My B, =887, =0
T a-l b1
1 t R
z Ny &, Z N By
ol b=1

SlSZ Sl s2
©)

To estimate the treatment effect of factor 1, we have

0 R
a_l/lz_ZZZ(yijk —HG _:Bj -7
&, ik

setting the equation to zero gives

ZZ(yijk _ﬂ—&i _:Bj _7k):0

ZZ Yijk — LS, — 1S, _QZIBJ' _Szznik7k =0
ik i k

1 if treatment i is present in block k

where n, =
" {0 if treatment i is not present in block k

implying that

sz: Yiik Szznikj}k
_ k

A

a;
IS, IS,
Z My Z Ny @, Z nbkﬂb
Y | Y f— =
r152 r;l Slsz Sl SZ

b b .
88,0 =5 _Zniky--k +szznik (Z Ny d,) + slznik (Z Nye/s)
X
sy, zn.kyﬁsz[zna+zn.kznaka}wzﬁb
=5V, anky S {ra ”120‘}

Z M Yok

(rlslsz —=S,1 +32/11)0‘ =S| Vi _ks— =S A,
1
where
Z Mic Y.k
A =Y.~ —, )

St

with the additional condition that

Fae
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SO z njk y“k

~(rss, —sr+s =S|y —*——1=sB,
sz(rlsl_rl_{_ﬂ’l)ai =S A (212 " lﬂz)ﬂj 2| Fr S) o
52(r1(81_1)+21)ai =SA

h
S,(At,-D+A)a =sA where
SV e =SA anky--k

Bj =VY.j - (10)
S,
a, = Sjllti A (8) with the additional condition that
S,

>'B,=0
i

To estimate the treatment effect of factor 2, we have

8ﬁ ZZ(yuk H— ﬂ 7k) (9) "
I s(ns,—nL+4,)p =s,B,
51(r2(52_1)+’12)lgj :SZBJ'

ZZ(yijk_ﬂ_ai_ﬂj_Vk)zo Sl(%(t2_1)+ﬂ‘2)ﬂj :Ssz

setting the equation to zero gives

Slﬁztz :Bj = Ssz
ZZ Yik —hLSIH— rZZ:O‘i —0S B - Slz N7 =0
ik i k S,
"'B’:s/izt i (11)
1 if treatment j is present in block k 17272
where n; = . . .
0 if treatment j is not present in block k
ESTIMATING THE SUM OF SQUARES
The sum square total is given as;
implying that
) 2 Y2
ZZYijk 512”1k7k SST ZZ(yijk -y..) :Zy N
ik " k ijk ik
ﬂ_ = _lu_ ijk
' LS, LS, (12)
The sum square block is given as;
Y. ank y Znaka ankﬂb d gt
_ e Ak ok A asl
= ——-— ——Iu 2
S LSS S S, ) Z y y2
— — \2 kK ek
SSB= 313227 = S1szz(y..k -V.) = -
K« k ss, N
(13)

11 b .
-'~ﬁ5152ﬂj :S2y-j-_znjky--k+SZank(znakda)+slznjk(ankﬁb) o
a1 b=L The sum square treatment of factor 1 is given as;
=S n +5,) a,+§ n +>nNn n
WY z Yok z {Z /3 Z Jk; bkﬂb] SSF, = ﬂlt S, Z ZA
i ﬂlt S,
=53 Ly 8 {rﬂ wZﬂb} 1

b#j
The sum square treatment of factor 2 is given as;
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ALS 2 S, 2
SSF, =22y g %2 g
= 2P s 2

(15

Sum square error is obtained as;

Table 3: ANOVA Table

SSE =SST -SSB -SSF, -SSF,
(16)

The ANOVA Table is given in Table 3

Source of Degrees of Freedom Sum of Square Mean F
Variation Square
Block — 2
c-1 Z y , SSB
K ek _ L C— 1
SiS; N
Factor 1 t -1 Sy SSF, MSF,
Ats, 4 t -1 MSE
Factor 2 t, -1 Sy SSF, MSF,
s, 5 t, -1 MSE
Error N-c-t-t,+2 Difference SSE
dfe
Total N =1 Z y2 Y2
o=
ijk ! N
CONCLUSSION Karmakar, S., Varghese, C., Harun, M., Vinaykumar, L.

A new method of analyzing the 2-part Balanced
Incomplete Block Design was developed by adopting the
method in Mills (2014). An additive model with both
treatments and block fixed was proposed; the unknown
parameters in the model were estimated using the least
square method. The sum of squates of the sources of
variation in the design was also estimated, and finally, an

ANOVA Table was presented for the given design.
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