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INTRODUCTION 
A balanced incomplete block design (BIBD) is an 
incomplete block design in which c blocks have the 
same number of s plots; each treatment is replicated r 
times in the design. More so, each treatment occurs at 
most once in a block, and every pair of treatments 
occurs together λ times in the c blocks. The design is 
used to improve the efficiency and precision of the 
estimates when some fraction of treatments are 
allocated into blocks of size s < t (Alawode et al., 2012). 
Balance is achieved if every treatment occurs an equal 
number of times in the design and each pair of 
treatment occurs together an equal number of times 
across all the blocks in the design (Mason et al., 2003). 

Multi-part Balanced Incomplete Block Design  
combines many orthogonal balanced incomplete block 
designs in the same block (Bailey and Cameron, 2019). 
The design has been used in cancer trial experiments, 
allowing each medical center to treat only a restricted 
number of cancer types and a restricted number of 
drugs. Under this setup, various design layouts has been 
constructed Bailey and Cameron, (2019). Luna et al., 
(2022) utilized 2-part design to compared the 
efficiencies of Orthogonal array composite designs 
relative to the central composite design when there are a 
few missing observations from one factorial point and 
one additional point. Karmakar et al. (2023) used two-
part designs in selecting the best possible components in 
integrated farming system that involve two groups of 

treatment arranged in incomplete blocks with respect to 
both groups, and the concurrence of treatment pairs 
within and between groups is constant. However, no 
standard statistical procedure has been proposed for the 
constructed layouts, such as parameter estimation, 
hypothesis testing and model building. This work 
therefore, considered 2-part Balanced Incomplete Block 
Design (2pBIBD), a combination of two orthogonal 
BIBDs in the same block and proposed a suitable 
statistical model for the design, estimated the model 
parameters and constructed the ANOVA table for 
inference-making. 

DESIGN LAYOUT 

Suppose we want to perform an experiment with two 
factors say factor 1 and factor 2, each at t1 and t2 levels 
respectively (i.e t1 treatments of factor 1 and t2 
treatments of factor 2). Suppose also that the 
experiment involved blocks that cannot accommodate 
each factor’s levels. This experiment can be arranged in 
an incomplete block design manner, and can be called 2-
part balanced incomplete block design (2pBIBD) if the 
following conditions are satisfied; (Bailey and Cameron, 
2019). 

1. Each block can only accommodate s1 of the t1
treatments of factor 1 and s2 of the t2
treatments of factor 2. Where s1 < t1, s2 < t2 and
t1 ≥ t2
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ABSTRACT 
Multi-part Balanced Incomplete Block Designs combine many orthogonal balanced 
incomplete block designs in the same block. The design has been used to study cancer trials 
with medical centres as blocks. Various design layouts have been constructed for a 
restricted number of cancer types and drugs. However, parameter estimation, hypothesis 
testing, and model building for the constructed design layouts have not been considered. 
Based on the preceding, we proposed an additive model for the design (2-part Balanced 
Incomplete Block Designs) and estimated its parameters using the least square method. The 
parameter estimation precipitated the formation of the ANOVA table which paved way for 
the hypothesis testing procedure. 
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2. Each pair of treatment of factor 1 appear 
together in the same block λ1 times. Also, each 
pair of treatment of factor 2 appear together in 
the same block λ2 times 

3. Each treatment from factor 1 appear with every 
treatment of factor 2 λ12 times, that is, the 
treatment of factor 1 and 2 are orthogonal 

The layout of such design is given in Table 1, with t1 
= 6; t2 = 5; s1 = 3 and s2 = 2. 

Table 1: Concise form of the layout 

Block Cancer types Drug 

1 T1, T2, T3 V1, V5 

2 T1, T5, T6 V1, V2 

3 T1, T3, T4 V2, V3 

4 T1, T2, T6 V3, V4 

5 T1, T4, T5 V4, V5 

6 T2, T4, T5 V1, V3 

7 T2, T3, T5 V2, V4 

8 T3, T5, T6 V3, V5 

9 T3, T4, T6 V1, V4 

10 T2, T4, T6 V2, V5 

Source: (Bailey and Cameron, 2019) 

This layout is presented in Bailey and Cameron (2019); 
the design is for six cancer types and five drugs; each 
block (medical centre) can only accommodate 3 cancer 
types and 2 drugs. The layout can be presented in a 
different form as in Table 2, see (Bailey and Cameron, 
2019) 

Details on how to come up with minimum number of 
blocks given different number of treatments and block 
sizes for the two factors is found in Bailey and Cameron 
(2019). 

 

 

 

 

 

Table 2: Layout of 2-Part Balanced Incomplete Block 
Design 

Block Cancer 

T1 T2 T3 T4 T5 T6 

1 V1, 
V5 

V1, 
V5 

V1, 
V5 

   

2 V1, 
V2 

   V1, 
V2 

V1, 
V2 

3 V2, 
V3 

 V2, 
V3 

V2, 
V3 

  

4 V3, 
V4 

V3, 
V4 

   V3, 
V4 

5 V4, 
V5 

  V4, 
V5 

V4, 
V5 

 

6  V1, 
V3 

 V1, 
V3 

V1, 
V3 

 

7  V2, 
V4 

V2, 
V4 

 V2, 
V4 

 

8   V3, 
V5 

 V3, 
V5 

V3, 
V5 

9   V1, 
V4 

V1, 
V4 

 V1, 
V4 

10  V2, 
V5 

 V2, 
V5 

 V2, 
V5 

Source: (Bailey and Cameroon, 2019) 

THE PROPOSED MODEL 

This research proposed an additive model with fixed 
treatments and blocks. 

  (1) 

Where: 

yijk is the observation in block k that receive treatment i 
of factor 1 and treatment j of factor 2 

µ is the grand mean 

α(i) is the treatment i effect of factor 1 

β(j) is the treatment j effect of factor 2 

( ) ( )  ,ijk i j k ijky     = + + + +
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γk is the block k effect 

εijk is the random error associated with observation yijk  

under the assumption that; 

 

where 

 

Note that the subscript i and j  of treatments  α(i)  & β(j) 
where written in braces because the treatments depend 
on the block in the model (Mills, 2014) 

The total number of observations N in the experiment is 
given by  

   

   

The design can be considered as a Balanced Incomplete 

Block  Design replicated  or a 

Balanced Incomplete Block  Design 

replicated . 

Therefore all the relationships between the Balanced 
Incomplete Block Design parameters are satisfied. 

ESTIMATION OF PARAMETERS  

The model parameters were estimated using Least Square 
Estimation. 

 Given the model,  

  

  

We need to estimate the parameters to minimize the sum 
of squares error.  

Let 

 (2) 

To estimate the grand mean, we have 

, 

   

Setting the equation to zero gives  

 

 

implying that  

   (3) 

To estimate the block effect, we have 

 

   

setting the equation to zero gives  

 

 

implying that  

  (4) 

Since  & it depend on the block in the model, 

we need to rewrite the model in the form: 

 

 (5) 

where  is the incidence plot ik, and 
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therefore 

 

where  is the incidence of occurrence of treatment a 

in block k.   

Similarly,  is the incidence on plot jk, and 

  

therefore 

 

where  is the incidence of occurrence of treatment b 

in block k. 

So we re-estimate the block effect as;  

   

Setting the equation to zero gives  

 

 

  

 (6) 

To estimate the treatment effect of factor 1, we have 

 

  

setting the equation to zero gives  

  

  

 

 

  

implying that  

 

 

 

where 

    (7) 

with the additional condition that  

     

 

 

1

0

a

ik

if treatment a is present in cell ik

if treatment a is not present in cell ik



= 


1  & ,a a

ik ak ik

i i k

n r = = 

akn

jk

1

0

b

jk

if treatment b is present in cell jk

if treatment b is not present in cell jk



= 


2.

b

jk bk

j

b

jk

j k

n

r





=

=





bkn

1 2

1 1

( )2
t t

a b

ijk ik a jk b k

i j a bk

y


     
 = =


= − − − − −


  

1 2

1 1

( 0)
t t

a b

ijk ik a jk b k

i j a b

y      
= =

− − − − =  

1 2

1 2 2 1 1 2

1 1

0
t t

ijk ak a bk b k

i j a b

y s s s n s n s s   
= =

− − − − =  

1 2

•• 1 1

1 2 1 2

ˆˆ

ˆ ˆ

t t

ak a bk b

k a b
k

n n
y

s s s s

 

  = == − − −
 

2 )ˆ( ijk i j k

j ki

y


   



= − − − − −




ˆ( 0)ijk i j k

j k

y    − − − − =

1 2 1 2 1 2
ˆ 0ijk i j ik k

j k j k

y r s r s r s n   − − − − =  

1
where

0
ik

if treatment i is present in block k
n

if treatment i is not present in block k


= 


1 2

2

1 2 1 2

•• •• 1 1

1 2 1 1 2 1 2

ˆ

ˆ

ˆˆ

ˆ ˆ

ijk ik k
j k k

i

t t

ik ak a bk b

i k k a b

y s n

r s r s

n n n
y y

r s r s s s s



 

 

  = =

= − −

 
 
 = − − − − −
 
 
 

 

  

1 2

1 2

1

1 1 2 1 •• •• 2 1

1 1

2

1 •• •• 2 1

1

1 •• •• 2 1 1

12

ˆˆ( ) ( )

ˆˆ ˆ

ˆ ˆ

t t

i i ik k ik ak a ik bk b

k k a k b

t t

i ik k i ik ak a b

k k k a i bik

t

i ik k i a

k a i

r s s s y n y s n n s n n

s y n y s n n n s

s y n y s r

  

  

  



= =

 =



 = − + +

 
= − + + + 

 

 
= − + + 

 

    

    

 

( )
••

1 1 2 2 1 2 1 1 •• 1

1

,
ik k

k
i i i

n y

r s s s r s s y s A
s

 

 
  − + = − =
 
  



••

••

1

,
ik k

k
i i

n y

A y
s

= −


0i

i

A =

https://scientifica.umyu.edu.ng/


 
 

UMYU Scientifica, Vol. 2 NO. 2, June 2023, Pp 001 – 006 

   5 

 

 https://scientifica.umyu.edu.ng/                          Muhammad et al. /USci, 2(2): 001 – 006, June 2023         
 

so 

 

  (8) 

To estimate the treatment effect of factor 2, we have 

                (9) 

setting the equation to zero gives  

 

 

   

implying that  

 

 

 

where 

   (10) 

with the additional condition that  

    

so 

 

   (11) 

ESTIMATING THE SUM OF SQUARES  

The sum square total is given as; 

  

 (12) 

The sum square block is given as; 

 

  (13) 

The sum square treatment of factor 1 is given as; 

  

 (14) 

The sum square treatment of factor 2 is given as; 
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 (15) 

Sum square error is obtained as; 

  

 (16) 

The ANOVA Table is given in Table 3  

Table 3: ANOVA Table 

Source of 
Variation 

Degrees of Freedom Sum of Square Mean 
Square 

F 

Block  

 

 
 

Factor 1  
   

Factor 2  
   

Error  Difference 
 

 

Total  
 

  

CONCLUSSION 

A new method of analyzing the 2-part Balanced 
Incomplete Block Design was developed by adopting the 
method in Mills (2014). An additive model with both 
treatments and block fixed was proposed; the unknown 
parameters in the model were estimated using the least 
square method. The sum of squares of the sources of 
variation in the design was also estimated, and finally, an 
ANOVA Table was presented for the given design. 
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