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ABSTRACT

The retailet's ideal replenishment strategy for non-instantaneous decaying goods with two-
phase demand rates, two storage facilities, and shortages under a permissible payment delay
has been determined in this study. While the constant demand rate is considered once
deterioration has begun, the demand rate up to that point is believed to be a time-dependent
quadratic function. Backlogs and shortages are also taken into consideration. Whether or not
the backlog will be accepted depends on how long it will be until the next replenishment. As
a result, the backlogging rate fluctuates and depends on how long it takes for the next refill.
The models identify the ideal cycle length, order amount, and period at which the inventory
level in the owned warehouse reaches zero in order to reduce the overall variable cost per
unit of time. For the solutions to exist and be unique, both the necessary and sufficient
requirements must be met. The best trade credit period is identified for each model using
numerical examples, and the best model among the created models is identified using the best
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trade credit periods. Sensitivity analysis can offer some managerial insights.

INTRODUCTION

The foundation of many conventional inventory models
is the idea of a single ware-house with infinite capacity. In
most corporate setups, this assumption is, nevertheless,
questionable. The retailer might buy many things at once
due to stock-outs, price discounts (for bulk purchases),
quantity discounts, inflation fears, demand uncertainties,
and other factors. Due to their bulk, these goods might
not fit in the current storage, which is known as owned
ware-houses with a limited capacity. The retailer may lease
a different location known as the rental ware-house.
Products are transferred from the rented ware-house to
the own ware-house and sold. This is because better-
preserving equipment with a slower rate of deterioration
will make the holding cost in the rental ware-house higher
than that in the owned ware-house. Thus, it is more
economical to use up the goods from rented ware-houses
sooner. A two-ware-house inventory model for non-
instantaneous deteriorating goods with allowable payment
delays under inflationary conditions was developed by
Tiwarti e/ al. (2016). Because customers' patience wanes
with time, shortages and partial backlogs are accepted. The
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model establishes the retailer's ideal teplenishment
procedures, optimising the optimal profit present value
per unit of time. In the work of Kumar ¢# a/. (2017), the
exponential demand rate and allowable payment delay are
considered with the established two-ware-house inventory
model for deteriorating goods. The shortage is not
permitted, and the rate of deterioration is constant.
Chandra ¢f al. (2017) established ordering strategies for
non-instantaneously deteriorating goods with price-
dependent demand, two-storage facilities under
permissible payment delays, shortages are allowed and
fully backlogged, and the objective function is to maximize
profit. To maximize overall profit per unit of time, Jaggi e7
al. (2017) established a two-ware-house inventory model
that takes into account defective quality products,
deterioration, and one level of trade credit. The model also
optimizes the order quantity. Udayakumar and Geetha
(2018) investigated an economic order quantity model
with a constant demand rate, two-storage levels, and a
permissible payment delay for non-instantaneous
deteriorating items. In this model, shortages are not
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considered, and the goal is to minimize the total variable
cost per unit of time. For technology products with
linearly growing market sizes, Kumar and Chanda (2018)
established a two-ware-house inventory model with
deterioration where demand follows the innovation
diffusion criterion. The approach is predicated on the idea
that holding costs in a rented ware-house are higher than
those in an own ware-house. According to Chakrabarty ez
al. (2018), a two-ware-house inventory model was
constructed for a single item that was deteriorating under
the assumptions of shortages, partial backlogs, delayed
payments, the impact of inflation, and the time value of
money. Similarly, in the planning for a finite horizon
where backorder is envisaged, two ware-house capacities
(owned and rented) have been taken into account. The
system employs a two-ware-house concept when the order
volume exceeds the available storage space in the own
ware-house. A positive, zero, or negative ending inventory
level is thus possible. An inventory model with two ware-
houses, deteriorating aspect, exponentially decreasing
demand rate, and limited suspension price with salvages
was established by Sahoo ¢z a/. (2020). The model shows a
rented ware-house in place of an inherent one. The
intrinsic ware-house's rate of detetioration displays a linear
function of time, but the rental home's rate of degradation
gives a persistent function. Calculating salvage value on
one's own ware-house. In a two-ware-house setting,
Gupta ¢/ al. (2020) designed retailers' ordering procedures
for time-varying detetiorating goods with partial backlogs
and allowable payment delays. The model calculates the
retailet's ideal ordering and backlog rules by minimising
the related cost. A two-storage production inventory
model with demand based on price and time was
established by Datta e 2/ (2022). The selling price and the
time determine the rate of demand. The rate of
deterioration is constant, while the holding expense for
on-site storage changes over time. By determining the
most effective replenishment plan, rental storage costs can
be reduced since the deterioration rate is assumed to be
time-dependent while the holding cost is assumed to be
constant. Babangida and Baraya (2020) devised an
economic order quantity model. However, given the
consumers' irritable and unpredictable character, it is
impossible to know whether all customers will be willing
to wait for a backorder when shortages emerge. When
there are shortages, some customers who don't have
immediate demands might wait for the backorders to
arrive, while others might choose to purchase from
alternative vendors. Due to the aforementioned, it is
necessary to take into account the opportunity cost
associated with lost sales when creating the model. The
amount of time that must pass before the next
replenishment for the majority of commodities will
determine whether or not the backlog is tolerated. As a
result, the backlog rate should vary and be based on when
the next replenishment will arrive.

This study has consideted the retailet's ideal
replenishment strategy for non-instantaneous decaying
goods with two-phase demand rates, two-storage

facilities, and shortages under a permissible payment
delay. Before the onset of deterioration, the demand rate
is thought to be a time-dependent quadratic function;
following this point, it is treated as a constant function
until all the inventory has been consumed. Partially
backlogged shortages ate allowed. Backlogs atre either
accepted or rejected based on the length of the waiting
period, hence the backlogging rate is variable and
dependent on when the next replenishment will occur.
This study aims to provide a mathematical model for
economic order quantity that predicts the ideal time with
positive inventory, the ideal cycle length, and the ideal
order quantity that minimizes total variable cost per unit
time and provides the optimal trade credit period. The
conditions that must exist for the optimal solutions to be
unique  have  been  identified. Additionally,
some numerical examples have been provided to
illustrate the model's presumptive conclusions. After
performing sensitivity analysis on a few model
parameters  to  determine the best options,
recommendations for reducing the overall variable cost
of the inventory system have been given.

MODEL DESCRIPTION AND FORMULATION

This section provides the model notation, assumptions,
and formulation.

2.1 Notations and Assumptions
2.1.1 Notations

A The ordering cost per ordet.

C The purchasing cost per unit per unit time
($/unit/ year).

S The selling price per unit per unit time (§/unit/
year).

Cp Shortage cost per unit per unit of time.

he The holding cost pet unit per unit time in own

wate-house ($/unit/ year).

h, The holding cost per unit per unit time in rented
wate-house ($/unit/ year).

I, The interest charged in stock by the supplier per
Dollar per year ($/unit/year).

I, The interest earned per Dollar per year
($/unit/year) (I, = 1,).

M The trade credit period (in year) for settling
accounts.
0, Constant deterioration rate in own warehouse,

whete 0 < 6, < 1.
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0, Constant deterioration rate in rented ware-
house, where 0 < 6, < 1, 8, <6,

tq The length of time in which the product exhibits
no detetioration.

t, Time at which the inventory level reaches zero
in rented wate-house.

t, Time at which the inventory level reaches zero
in the owned ware-house.

T The length of the replenishment cycle time (time
unit).

Qm The maximum positive inventory level per cycle
Qq Capacity of the owned ware-house

(Qm — Qg) Capacity of rented ware-house
B, The backorder level during the shortage period.

Q The order quantity during the cycle length,
where Q = (Qy, + Byp)-

Ip(t) Inventory level in the owned warehouse at any
time t, where 0 <t < T.

I.(t) Inventory level in the rented warehouse at any
time t, where 0 <t < T.

I;(t)  Shortage level at any time t where t, < t < T.
2.1.2 Assumptions

This model 1is established wunder the following

assumptions.

1. The replenishment rate is instantaneous.

2. The lead time is zero.

3. A single non-instantaneous decaying item is
considered.

4. The own warehouse has a fixed capacity of Qg4 units;
the rented ware-house has capacity of (@, — Qq)-

5. The unit inventory holding cost per unit time in the
rented ware-house is higher than that in the owned
ware-house and the deterioration rate in the rented
ware-house is less than that in the owned ware-house.

6. There is no replacement or repair for deteriorated
goods during the period under consideration.

7. Demand before deterioration begins is a quadratic
function of time t, which is more realistic because it
represents both accelerated and retarded growth in
demand rate of goods such as petrochemicals,
aircraft, computers, seasonal products whose demand
rises rapidly to a peak in the mid-season and then falls
rapidly as the season wanes out and seems to be a

better representation of time-varying market demand
and is given by a4+ Bt + yt?, wherea = 0,8 #
0,y #0.

8. Demand rate after deterioration sets in is assumed to
be constant and is given by A.

9. During the trade credit period M (0 < M < 1), the
account is not settled; generated sales revenue is
deposited in an interest-bearing account. At the end
of the period, the retailer pays off all units bought and
starts to pay the capital opportunity cost for the goods
in stock.

10. During the stock out phase, shortages are permitted

and partially backlogged; the backlogging rate is
dynamic and based on how long it takes for the next
replenishment; the longer the waiting time, the
smaller the backlogging rate will be. The negative
inventory backlog rate is calculated as B(t) =

e d is the backlogging parameter (0 < § <

1and (T —t) is waiting time (t, <t <T), 1—
B(t) is the remaining fraction lost.

FORMULATION OF THE MODEL

The retailer's ideal replenishment strategy for non-
instantaneous decaying commodities with two-phase
demand rates, two-storage facilities, and shortages within
a permissible payment delay has been taken into
consideration in this article. Allowable payment delays
encourage retailers to stock up on more goods since they
boost sales, increase cash flow, lower the cost of stock
holding, draw in new customers, or just retain their
current ones. When the quantity exceeds the merchant's
ware-house capacity, the retailer may choose to rent a
ware-house to store the excess inventory. In this
inventoty system, @, units of a single product arrive at
the inventory at the beginning of the cycle in which
Q4 units are stored in their own ware-house and the
remaining (@, — @g) units in a rented ware-house.
Thus, in order to find the optimal replenishment policy
of the inventory system, two cases of when t; < t, and
when tg > t, are discussed and are as follows.

3.1 Case I: when t; < t,. (Deterioration starts before
the inventory level in rented ware-house becomes
ZEero)

Figure 3.1 designates the behaviour of the inventory
system. During the time interval [0, t4], the inventory
level I,.(t) in rented watrehouse is depleting gradually due
to market demand only and it is assumed to be a
quadratic function of time ¢ whereas in the owned ware-
house inventory level remains unchanged. At time
interval [tg, t.] the inventory level I.(t) in the rented
ware-house is depleting due to combined effects of
constant market demand rate A and deterioration while
the inventory level in the owned ware-houses gets used
up due to deterioration only. At time interval [t,, t,],
the inventory level [,(t) in the owned ware-house
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depletes to zero due to the combined effects of consumer
demand and deterioration. Shortages occur at the time

t =t, and are partially backlogged in the interval [t,,

T]. The whole process of the inventory system is
repeated.

T

»Time
+

B

T

T Lost sales

.
-

Figure 3.1: Two-ware-house inventory system when t; < t,

The differential equations that describe the inventory
level in both rented ware-house and owned ware-house
at any time t over the period [0, T] ate given by

dI, (t
dg):_(a+ﬂt+yt2)’ 0<t< ty €]
dl,.(t)
dt

+0,:1,(t) = -4, ty <t < t, (2)

dl, (t)
dt

+6,1,(t) =0, tg <t< t, 3

dl,(t
Coli ) +0,1,(8) = -2, tr=t=t, 4)

dl,(t) yl C i< 5
dt =~ 1+68(T—-¢t) o="t= (5)

with boundary conditions I.(0) = Q,, — Qq, I.(t;) =0,1,(ts) = Qu,I,(t,) = 0and I,(t,) = 0.

The solutions of equations (1), (2), (3), (4) and (5) are as follows

t2 t3
Ir(t)=Qm—Qd—<at+ﬁ?+y§), 0<t< tq (6)

A
L(t) = 8—(e9r(fr—f> -1), tgy<t< t, (7
T
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Io(t) = Qqe®ta™"), tg<t<t, (8)
I,(t) = ei(e"o(t"‘” - 1), ty<t<t, 9)
I(t) = —2[In[1+ 6(T = t,)] - In[1+ 6(T - 0)]], t,<t<T (10)

Considering continuity of I, (t) at t = t,., it follows from equations (8) and (9) that

A
Qd — e_(ego(to_td) — ego(tr_td))’ t() <t< T (11)

[

Considering continuity of I.(t) at t = tg, it follows from equations (6) and (7) that

A 0o (to—tq) 0, (tr—tq) t‘% tg A 0r(tr—ta)
Qm:_(eo o~ta) — pbollr d)_|_ atd+ﬁ_+y_ +_(err d—l)’ tOSt
0 27 73) T,

<T (12)
The maximum backordered units By, is obtained att = T, and then from equation (10), it follows that

By, = —1,(T) = %[ln[l +6(T —t,)]] (13)
Consequently, the order size across the entire time period [0, T] is

A tZ ot
Q = Qm + Bm = Q—(ego(to_td) — eeo(tr_td)) + ((Xtd + ‘B?d +y 3d> + — (eer(tr_td) 1)
o

+ % [in[1+6(T —t,)]] (14)

The total vatiable cost per unit time Z (to T ) is given by

le(tO_T ), Sub—case1.1: 0 < M < ¢ty
Z(t T) _ le(tO,T ) Sub—case1.2:t; <M <'t, (15)
o Zl3(tO,T ) Sub —case13:t, <M < t,
Z14(t, T), Sub — case 1.4: M > t,

where

1 . . . . .
Z11(t,, T) = ;{Ordermg cost + inventory holding cost for rented wate-house+ inventory holding cost for owned

ware-house + deterioration cost + backordered cost+ cost of lost sales + interest charge— interest
earned}

= %{A + h, Uotdlr(t)dt + Ltrlr(t)dt] + h, [Ltdlo(t)dt + jtrlo(t)dt + jtolo(t)dt]

d tg t,

+C[ jtrl (t)dt + 6, jtrl (t)ydt + 6, jtolo(t)dt] + G, UT—IS(t)dt]

d

+C’1f 1+6(T—t))

+el, [ f:lr(t)dt+ ft " Odt + fMtdIO(t)dt+ ft T @t + f

d d tr

tT o

to

Io(t)dt]
M

—sl, U (a + pt+ ytz)tdt]}
0
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A(1 5 (Cp+C 5)
= ? Ewllto - XlltO + Yll T - (Cb + C 6)t T (16)

but

= [holB,tq + 11+ CO, + (Cp + C6) + cl [(ty — M)O, + 1]], X414 = [hoeotg + Ctqy + cl[t40,(tg —
M) +M ] and

Y—lAh ta , gla tglze 2 h/19222 2
11_1 +n, a?"'ﬁg"'y_ +§{tr+ r(tr_td) td} + o E{ 0( trtd_trtd)_tr}

4
A 2 /1 2
€[50ty = t?) + 516, Ctrta — 1)

Aty — M) a
+ckL—%;——wxmﬂd—ﬁ)—%d+@&r—QP}+5&d—Mﬂ
ﬁ 2 |4 2 2 2 /1 2

+g(2td + M)(ty — M) +ﬁ(3t“ + 2tuM + M?)(t; — M) +§td

o (Cyz i Bys LY 4>
sle(zM M+ M)

Z15(t,, T) = %{Ordering costs plus inventory holding costs for both owned and rented ware-houses plus deterioration

costs plus backordered costs plus lost sales costs plus interest charge minus interest gained}

= %{A + h, Utdl (t)dt+f I (t)dt] + h, Utdl (t)dt+f I,()dt + ftolo(t)dt]
0 t

d tr
to

+ C[ f I.(t)dt + 6, ftrlo(t)dt+ 90f Io(t)dt] + Gy UT—IS(t)dt]

d tr 0
to

+C Af “1F S(T — t)> dt +cl, Utrlr(t)dt + ftrlo(t)dt +f
M M ty

M
—sl, U (a + Bt + ytH)tdt + f Atdt]}

d

I, (t)dt]

(Co +Cad)

> —(Cp + CO)E, T} 17)

PYCI
=7 §W12to — Xyatp + Y12 +

where

Wi, = [Ro[B,tq + 1] + CO, + (Cp, + C8) + cl.), X152 = [ho0ot3 + Cty6, + cI.M] and

1
Y12:i

tq ta ta A 2 A 2 2 2
A+hr (l?+,8§+)/z +E{tr +9r(tr_td) td} +ho [E{GO(Ztrtd_trtd)_tr}]

A A A
€[50ty = t)?) + 516, Qtrta — e8] + el 5 M2
t3  td  td\ AM? At
—sle[<a7+ﬁ§+y2 +T—T .

Z13(t,, T) = %{Ordering expenses plus inventory holding expenses for rented ware-houses plus inventory holding

expenses for owned ware-houses plus deterioration expenses plus backordered expenses plus the cost
of lost sales plus interest charges minus interest gained}
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1 tgq ty tq ty to
= T{A + h, U I.(t)dt +f Ir(t)dt] + h, U I,(t)dt +f I,(t)dt +f lo(t)dt]
0 t 0

d td tr

+C[ ftrl (tdt + 6, ftrl (Hdt + 6, f I (t)dt] + Gy U -1 (t)dt]

da tr

+C Af 1+6(T— ))dt +clcUtolo(t)dt]
M

t, M
—sl, [ (a + Bt +ytA)Htdt + | Atdt + f Atdt]}
0 ty

ta

=7 ~Wistd — Xqat, + Vi3 + >

A(1 (Cp +Cr 5)
b G

— (Cp + C;0)t, T} (18)

where

Wiz = [hol0,tq + 1] + CO, + (Cp + C6) + cl.],Xq3 = [hoBot3 + Cty6, + cI.M] and

1
Yiz=+

A 4

t2 ti  ta\ A, X y) s 5
A+h; 0(? + ﬁ? +v— +§{tr + gr(tr - td) td} + h [E{HO(Ztrtd - trtd) - tr}]
A A A
€[50, = %) + 50,2ty ta — 2} + el M7
/ t3 N t3 ay ., td N AM? At}
sl, a B 4 > > ||

and

1 . . . . .
Z14(t,, T) = ;{Ordermg cost + inventory holding cost for rented wate-house+ inventory holding cost for owned

ware-house + deterioration cost + backordered cost+ cost of lost sales — interest earned}

= %{A + h, f tdlr(t)dt + f trlr(t)dt] + h, [ f tdlo(t)dt + f trlo(t)dt + f tolo(t)dt]
0 tq 0 ta t
tr ty to T
+C[ f L.(t)dt + 6, ft I,(t)dt + eoft Io(t)dt] +Cp Ut —Is(t)dt]

+C’1f 1+6(T—t))
tg tr

—sl, [ (a+ Bt +yt)Htdt + (M —t ) (a + Bt +ytd)dt+ | Atdt
0 %]

ty to to
+M—-t,) | Adt+ | Atdt+ (M —t,) Adt]}

ta ty tr

A1

= T{E Wigts — Xqaty + Yig +

(Co +Cab)

> —(Cp + C0)E, T} (19)

where

2
Wia = [Ro[6ota + 11+ CO, + (Cy + C8) + SL], Xyy = [hoeotg + Ctal + sl [ta + M =3 (atg + 2+

I o
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1 t3 t3 ta\ A, 5 y) s o 5
At he (a4 B4y ) + 50 4 00— e8| + ho 5 (002185 — ePt) — 63}

Y., =
14 A 4

A
|5 S S 0,21ty — )
t4 t3 3\ 2
—Sle a—+,8 + 4 + M (Xtd+ﬁ?+y§ _§(2M+td)td .
3.1.1 Optimal Decision

The necessary and sufficient conditions are developed to determine the best ordering policies that optimizes the total
variable cost per unit time. The necessary condition for the total variable cost per unit time Z;; (t,, T) to be minimum

0Zij(to, 9Z; , , .
are % = 0 and # 0 fori =1when t, >ty and j = 1,2,3,4. The value of (t,,T) obtained from
0z5(to, i J(to, . . iy 9%Z;(to, 9%Z;(to, 0224j(to )\
Zé(tio D_ =0a daZ ](; D = 0 and for which the sufficient condition {( Zajt(;o T)) ( ZBJT(ZO T)) - ( jt]o(;oTT)) } >
0 is satisfied which gives a minimum for the total variable cost per unit time Z;;(t,, T).
Optimality condition for sub-case 1.1: 0 <M < t,
The necessary conditions for the total variable cost in equation (16) to be the minimum are % =0and % =
0, which give
0Z,,(t,, T) 2
To —{Wiit, = X114 — (G + C8)T}=0 (20)
o
and
= ! (Wi t, — X11) 2D
- (Cb + Cn5) 11%o0 11
Note that
Wiito — Xq1 = [ho (taBo(to — tg) +t,) + CO,(t, —tg) + (Cp + C0)t,
+cl((to — M) + 6,(tg — M)(t, —ty))] >0
since (tg — M) =0, (t, — M), (t,—tz) >0
Similarly
0Z1,(t,, T) A (1 T?
a—To ~T2132 SWiits — Xqgto + Vg — T(Cb +Cr8) =0 (22)

T from equation (21) is substituted into equation (22) which yields
W11(W11 - (Cp + Cnd))tg - 2X11(W11 - (Cp + Cn5))to — (2(Cp + €811 — X}y) = 0(23)

Let A= Wy (Wig — (Cp + C18))tE — 2Xy3(Wig — (Cp + C28))tq — (2(Cp + Cr8)Yy; —X21),  then  the

outcome shown below is attained.

Lemma 1.1
() If A{1< 0, then the solution of t,, € [t4, ) (say t,1) which satisfies equation (23) not only exists but also is unique.

(ii) If A;1> 0, then the solution of t, € [tg, ) which satisfies equation (23) does not exist.
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Proof of (i): From equation (23), a new function Fy4(t,) is defined as follows

Fi1(t,) = W11(W11 - (Cp + Cﬂ5))t§ - 2X11(W11 - (Cp + Cn6))to —(2(Cp + C8)Yy; — XEy), to
€ [tq, ) (24)

Taking the first-order derivative of Fy4(t,) with respect to t, € [ty, ) yields

Fi1(t,)
dt,

= 2(Wyqt, — X11)(W11 —(Cp + Cn5)) >0

Because (Wy1t, — X13) > 0 and (Wyy — (Cp + C28)) = [ho[Bota + 1] + CO, + cl.[(tg — M)B, + 1]] > 0

Hence Fy1(t,) is a strictly increasing of t, in the interval [t4, ©). Moreover, tlim Fi1(t,) = o0 and Fi1(tg) = A1<
0—)00

0. Therefore, by applying intermediate value theorem, there exists a unique t, say t{; € [tq, ) such that F;;(t;11) =
0. Hence t;1 is the unique solution of equation (23). Thus, the value of t,, (denoted by t;,1) can be found from equation
(23) and is given by

Xy 1 j(ZWnYn—X%l)(chna) 25)

to11 =7 — +——
MW, Wy (Wh1 — (Cp + C8))
Once ty14 is obtained, then the value of T (denoted by T77) can be found from equation (21) and is given by

T = m(wnt;n —X11) (26)

Equations (25) and (26) give the optimal values of t;11 and Ty for the cost function in equation (16) only if X;4 satisfies
the inequality given in equation (27)

X% < 2WyyYiq (27)

Proof of (ii): If Ay;> 0, then from equation (24), Fy1(t,) > 0. Since Fy4(t,) is a strictly increasing function of t, €
[tg, ), F11(t,) > 0 for all t, € [t , 00). Thus, a value of t, € [tg4, ®) cannot be found such that Fy;(t,) = 0. This
completes the proof.

Theorem 1.1

(i) If A11=< 0, then the total variable cost Z141(t,, T) is convex and reaches its global minimum at the point (t;11, T11),
where (t511, T11) is the point which satisfies equations (23) and (20).

(ii) If A;> 0, then the total variable cost Z;1(t,, T) has a minimum value at the point (t;11, T1q) where t;1; =ty and
y 1

T = ooy Wiata = X11)

Proof of (i): When A;1< 0, it is obsetved that t;q, and Ty ate the unique solutions of equations (23) and (20) from

Lemma 1.1(i). Taking the second derivative of Z141(t,, T) with respect to t, and T, and then finding the values of these

functions at the point (t;44, T771) yields

0°Z.(t,, T A
11( [ ) _ —W11 >0
at2 T;
o (to11, T 11
0%Z,,(t,, T) A
A = ——(Cp + C;6)
ot, 0T (s i) T T
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A

0%2Z,1(t,, T) _
T

oT?

(Cp + Cz8) > 0

(to11, Ti1)

2
)(62211(t0, T) ) (62Z11(t0, T) )
0 2ulty T) _[9°Zu(t, T)
(toin T4 or (tgs, T2 L

22(Cp + Cr6
- %[ho[eotd +1] +C6, + clc[(ts = M), +1]] >0 (28)
11

and

0%2Z41(t,, T)
at2

It is therefore concluded from equation (28) and Lemma 1.1 that Z11(t511, T71) is convex and (t511, T71) is the global
minimum point of Z11(t,, T). Hence the values of t, and T in equations (25) and (26) are optimal.

Proof of (ii): When A;;> 0, then F;4(t,) > 0 forall t, € [ty, o). Thus, azllg;‘" D= FHT(:D) > 0 forallt, € [tg, o)

which implies Z11(t,, T) is an increasing function of T. Thus Z11(t,, T) has a minimum value when T is minimum.

Therefore, Z;1(t,, T) has a minimum value at the point (t344, Tqq) where ty1; = tg and Tj7 = chna) (Wiitg —
X11). This completes the proof.
Optimality condition for sub-case 1.2: t; < M < ¢t,.
.. . . . .. 9z ,T 0z ,T
The necessary conditions for the total variable cost in equation (17) to be the minimum are % = 0and % =
o

0, which give

0Z15(t,,T) A

at, = ?{Wuto —X12 = (G + CRET}=0 (29)
and
T= m (Wiaty — X12) (30)
Note that

Wigto — X1z = [ho (€48, (te — ta) + t5) + CO,(t, — tg) + (Cp + C18)t, + cl((t, — M))] >0

since (t, — M), (t, —tg) >0

Similarly
07,,(t,,T) A (1 T2
(’)—Toz_ﬁ Eletg—X12t0+y12—7(cb+cn5) =0 31)

Replacing T from equation (30) into equation (31) yields
le(le - (Cp + Cn5))tg —2Xy; (W12 - (Cy + Cn5))to —(2(Cp + €8y, — X3,) = 0(32)

Let A12= WlZ(WIZ - (Cb + Cn5))tr2 - 2X12 (W12 — (Cb + CHS))tr - (Z(Cb + CT[(S)YZlZ - X%Z)a then the

following result is obtained.
Lemma 1.2

() If A1,< 0, then the solution of t, € [t,, ©) (say t;,2) which satisfies equation (32) not only exists but also is unique.
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(ii) If A;,> 0, then the solution of t, € [t,, ) which satisfies equation (32) does not exist.

Proof: The process of proof is similar to Lemma 1.1.

Thus, the value of t, (denoted by t541,) can be found from equation (32) and is given by

. X2 1 \/(2W12Y12 —X3)(Cp + C6) (33)

thy = 24—
2T Wy, Wy, (Wi, — (Cp + Cn(S))

Once ty15 is obtained, then the value of T (denoted by Ty5) can be found from equation (30) and is given by

T, = m (Wizts12 — Xi2) (34)

Equations (33) and (34) give the optimal values of t;;, and Ty, for the cost function in equation (17) only if Xy, satisfies
the inequality given in equation (35)

X%, < 2Wy,Yy, (35)
Theorem 1.2

(i) If A1,< 0, then the total variable cost Z1,(t,, T) is convex and reaches its global minimum at the point (t;15, T1%),
where (t;1,, T12) is the point which satisfies equations (32) and (29).

(ii) If A;,> 0, then the total variable cost Z1,(t,, T) has a2 minimum value at the point (t;15, T13) where ty1, = t, and
N 1

T, = s (Wiat, — Xy2)

Proof. The process of proof is similar to Theorem 1.1

Optimality condition for sub-case 1.3: t, <M < ¢,

0Z13(t0,T)

The necessary conditions for the total variable cost Z13(t,, T) in equation (18) to be the minimum are " = 0 and
o

0Z13(to,T) _ . .

—ar = 0, which give

0Z15(to, T) A

ot = T{ngto — X3 — (Cb + C,,é')T} =0 (36)
o]
and
T=——— —X 7
(€, + C.0) (Wist, 13) (37)
Note that

Wisty — X1z = [ho(ta0,(ts — ta) + to) + CO,(t, — tg) + (Cp + Cr8)t, + cl.((t, — M))] > 0

since (t, — M), (t, —tg) >0

Similarly
07,5t T) A (1 T2
6—T0=_F §W13tg_X13to+Y13_7(Cb+cn6) =0 (38)

Replacing T' from equation (37) into equation (38) yields
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W13(W13 —(Cp + Cn5))t§ —2Xy3 (W13 - (Cy + Cn5))t0 — (2(Cp + C8)Y13 — X33) = 0(39)

Let A13= W13(W13 - (Cb + Cn5))M2 - 2X13(W13 - (Cb + Cnd)) M — (Z(Cb + CTTS)Y13 - X%3)3 then the

following result is obtained.
Lemma 1.3

(i) If A13< 0, then the solution of t, € [M, o) (say t;;3) which satisfies equation (39) does not only exists but also
unique.

(ii) If Aq3> 0, then the solution of t, € [M, ) which satisfies equation (39) does not exist.
Proof: The process of proof is similar to Lemma 1.1.

Thus, the value of t, (denoted by t;13) can be found from equation (39) and is given by

(40)

013 —
W13 W13

t* _ & + 1 (2W13Y13 - X%3)(Cb + CTL'S)
(W13 - (Cb + Cn(s))

Once tyq3 is obtained, then the value of T (denoted by Ty3) can be found from equation (37) and is given by

1
T = m (Wistgis — Xq3) (41)

Equations (40) and (41) give the optimal values of ;3 and Ty5 for the cost function in equation (18) only if X;3 satisfies
the inequality given in equation (42)

X%; < 2Wi3Yis (42)
Theorem 1.3

() If A13< 0, then the total variable cost Z13(t,, T) is convex and reaches its global minimum at the point (t;3, T13),
where (t;13, T13) is the point which satisfies equations (39) and (306).

(i) If A;3> 0, then the total variable cost Z;3(t,, T) has a minimum value at the point (t;13, T13) where t;13 = M and
s 1 -
Ti3 = Cp1Ca0) (W1sM —X13)

Proof: The process of proof is similar to Theorem 1.1.

Optimality condition for sub-case 1.4: M > ¢,

The necessary conditions for the total variable cost Z14(t,, T) in equation (19) to be the minimum are % = 0 and
0Z14(to,T) _ . .
—Qar = 0, which give

0Z14(t,, T A

% = ?{Wuto —X14 = (G + CRE)T}=0 (43)

o
and
T = ! (Wiat, — X1a) 44
- (Cb + Cn-S) 14%o0 14 ( )

Note that
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Wist, — X4 = [ho (taBo(to — tg) +t,) + CO,(t, —tg) + (Cp + CO)t,

ti  t\1
+sl|(to —ta) + | atg + B +y= |5 —M|[>0
2 3/4
Similarly
0214t T) A (1 r’
14677'0 = _ﬁ{fwutg ~ Xuato +Yig =5 (G + C6) = 0 (45)

Replacing T from equation (44) into equation (45) yields

W14(W14 - (Cp + Cn5))tg - 2X14(W14 —(Cp + Cn(s))to — (2(Cy + C18)Y14 — XZ,) = 0(46)

Let  Ajye= W14(W14 —(Cy + Cn5))trz - 2X14(W14 - (Cp + Cn6))tr —(2(Cp + C18)Y14 — X3y) and  Apy=
Wia(Wiy — (Cp + C18))M? — 2Xy,(Wig — (Cp + C18))M — (2(Cp + C8) Y14 — X2,), then the following result is

obtained.

Lemma 1.4

(i) If A14q< 0 < Ay4p, then the solution of t, € [t,, M] (say t;,4) which satisfies equation (46) does not only exists
but also unique.

(i) If A145 < 0, then the solution of t, € [t,, M] which satisfies equation (46) does not exist.
Proof : The process of proof is similar to Lemma 1.1.

Thus, the value of t, (denoted by t314) can be found from equation (46) is given by

(47)

oo X 1 QWY — X5 (G, + Cb)
VT Wy Wiy (Wis — (Cp + C6))

Once ty14 is obtained, then the value of T' (denoted by Tyy) can be found from equation (44) and is given by

Tiy = m (Wiatsra — X14) (48)

Equations (47) and (48) give the optimal values of t;14 and Tj for the cost function in equation (19) only if X4 satisfies
the inequality given in equation (49)

X%, < 2Wi,Yiy (49)
Theorem 1.4

() If A14a< 0 < Aq4p, then the total variable cost Z14(t,, T) is convex and reaches its global minimum at the point
(ts14, T1s), where (514, T14) is the point which satisfies equations (46) and (43).

(ii) If A14p< 0, then the total variable cost Z14(t,, T) has a minimum value at the point (t514, T1y) where t;14 = M
and Ty = (Cp+Cr®) (W14aM — X14)

(iii) If Aq4q> 0, then the total variable cost Z14(t,, T) has a minimum value at the point (t;14, T1y) where ty14 =t
and Ty, = m (Wiaty —X14)

Proof. The process of proof is similar to Theorem 1.1
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Thus, the economic order quantity (EOQ) corresponding to the optimal cycle length T will be computed as follows:

EOQ" =The maximum inventory +the backordered units during the shortage period.

2

= i (eeo(t;_td) — eeo(tr_td)) + <atd + ﬁt_d + y
0, 2

+ % [In[1+6(T" —e)]]

3.1.2 Numerical Examples

This section provides some numerical examples to
illustrate the model established.

Example 3.1.1 (Sub-case 1.1)

Consider an inventory system with the following input
parameters: A = $350/order, C = $45/unit/year, S =
$65/unit/year, h, = $5/unit/year, h, =
$12 /unit/year, 0, = 0.05 units/year, 0, =
0.03 units/year, @ = 980 units, § = 180 units, y = 15
units, A = 450 units, ty; = 0.1971 year (72 days), t, =
0.2136 year (78 days), Cp, = $20/unit/year, C, =
$5/unit/year,§ = 0.8, M = 0.0684 year (25 days), I, =
0.1, I, = 0.08. It is observed thatM <t,;, A=
—58.0529 < 0, X2, = 0.5878, 2W,,Y;; = 106.7819
and hence X§; < 2W,,Y;;. Substituting the above values
in equations (25),(26),(16) and (50), the value of
optimal time at which the inventory level reaches zero in
the owned ware-house, cycle length, total variable cost
and economic order quantity are respectively obtained as
follows:t;1; = 0.4311 vyear (157 days), T7; = 0.6116
year (223 days), Z11(ty11, T11) = $2175.1477 per year
and EOQ7; = 378.4898 units per yeat.

Example 3.1.2 (Sub-case 1.2)

The data are same as in Example 3.1.1 except that M =
0.2382 year (87 days). It is observed that M >
tg, Ap= —49.2285 < 0, X2, = 2.3259, 2W,,Y;, =
94.1807 and hence X%, < 2W;,Y;,. Substituting the
above values in equations (33), (34), (17) and (50), the
value of optimal time at which the inventory level reaches
zero in the owned ware-house, cycle length, total variable
cost and economic order quantity are respectively

Table 3.1.3 Comparison of Results

3

3

t_d> 4 ei (e trt) _ 1)
r

(50)

obtained as follows: t}q, = 0.4244 year (155 days),
Tl*z = 0.5695 year (208 days), le(tslz, Tl*z) =
$1567.2293 per year and EOQ7, = 793.8139 units per

year.
Example 3.1.3 (Sub-case 1.3)

The data are same as in Example 3.1.1 except that M =
0.2464 year (90 days). It is observed that M > t,, Aj3=
—44.0696 < 0, X3, = 2.4398, 2W,;;Y;; = 94.0811
and hence X453 < 2W;3Y; 3. Substituting the above values
in equations (40), (41),(18) and (50), the value of
optimal time at which the inventory level reaches zero in
the owned ware-house, cycle length, total variable cost
and economic order quantity are respectively obtained as
follows: t513 = 0.4250 year (155 days), Tj53 = 0.5689
year (208 days), Z13(ts13, T13) = $1553.7399 per year
and EOQ73 = 661.6315 units per year.

Example 3.1.4 (Sub-case 1.4)

The data are same as in Example 3.1.1 except that M =
0.3559 year (130 days). It is observed that Aqyu,=
—26.4815 < 0, Ayy,= 6.7339 >0, X2, = 1.1149,
2Wi,Y14 = 65.0493. Here A14,<0< Ay, and
X%, < 2W,,Y1,. Substituting the above values in
equations (47),(48),(19) and (50), the value of
optimal time at which the inventory level reaches zero in
the owned ware-house, cycle length, total variable cost
and economic order quantity are respectively obtained as
follows: t514 = 0.3325 year (121 days), Ty, = 0.4617
year (169 days), Z14(t514, T14) = $1394.9979 per year
and EOQ7, = 565.3016 units per year. It is also seen
that M > t,.

3.1.3 Summary of numerical examples

Sub-caszes th(vears) T*[years) Z{t:. T*IH EGQ* [units pec
vear)
1.1 04311 0.6116 21731477 378.4898
1.2 04244 0.3695 1367.2293 793.8139
1.3 04230 0.5689 153353.7599 661.6315
1.4 0.3325 04617 13949979 26353016
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Sub-case 1.4 provides the optimal deterioration period
and total variable cost while sub-case 1.2 provides the
optimal EOQ), as such, cases 1.2 and 1.4 are the feasible
cases in which an optimal case can be determined.
Averagely, 3.8164 units per day can be ordered at a cost
of $7.5348 when the time to settle the account is from
the beginning of the deterioration period to the time at
which the inventory level reaches zero in a rented ware-
house (Sub-case 1.2) while 3.3450 units per day can be
ordered at a cost of $8.2544 when the time to settle the
account exceeds the time at which the inventory level
reaches zero in the owned ware-house (Sub-case 1.4).
This shows that considering the credit period to be from
when deterioration starts to when the inventory level
reaches zero in a rented ware-house provides both
optimal total variable cost and profit which proved sub-
case 1.2 optimal among others.

Inventorﬁ level

Qm_Qd

P
L4

3.2 Case II: when t; < t,. (Deterioration starts after
the inventory level in the rented ware-house
becomes zero)

Figure 3.2 designates behaviours of the inventory system.
During the time intetval [0, t,], the inventory level I.(t)
in the rented ware-house is depleting gradually due to
market demand only and it is assumed to be a quadratic
function of timet whereas in the owned ware-house
inventory level remains unchanged. At time interval [t,,
tq] the inventory level I, (t) in the owned ware-house is
depleting due to demand from the consumers and is also
assumed to be a quadratic function of time £. At time
interval [tg, t,], the inventory level I,(t) in the owned
ware-house depletes to zero due to the combined effects
of demand from the consumers and deterioration.
Shortages occur at the time t =t, and are partially
backlogged in the interval [t,, T]. The whole process of
the inventory is repeated.

M T »Time

=]
5'1'—

I (t

P

Figure 3.2: Two-ware-house inventory system when tg > t,

The differential equations that describe the inventory
level in both rented ware-house and owned ware-house
at any time t over the period [0, T] are given by

dl,(t) ,
T— —(a'+ﬁ’t+yt ),

dl,(t)
T = —((Z + ﬂt + ytz),

-

Lost sales

—

0<t<t, (51)

t<t<ty (52)
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dl,(t
% +6,1,(t) = -2, ty <t< t, (53)
dl,(t) A
= - <t<
dt 1+6(T—0t) t,st=T (54)

with boundary conditions I.(t,) = 0, I,(t,) = Qq, I,(t,) = 0 and I;(t,) = 0.

The solutions of equations (51), (52), (53) and (54) are as follows

L.(t) = a(t,—t) +§(tr2 —t?) +}§/(tr3 —t3), 0<t<t, (55)
I,(t) = Qq + a(t, —t) +§(tr2 —t?) +g(tr3 —t3), t,<t< ty (56)
A
L,(t) = e—(ef’o(to-f) -1), tg<t<t, (57)
L) = —%[ln[l +8(T —¢t,)] — In[1+8(T - 0)]], t,<t< T (58)

Considering continuity of I, (t) at t = tg, it follows from equations (56) and (57) that
- Boo oy, Yea_ 3ys A (6ot
Qq = alty = t:) +5 (6§ —t]) +3 (63 — ) + 5= (e%lto™@) — 1) (59)
[

Now, at t = 0 when I.(t) = Q,, — Qg and solving equation (55) to get the maximum inventory level per cycle as

2
Qm = aty + gt; + gtg + g(e"o“o-fd) -1) (60)

The maximum backordered units By, is obtained att = T, and then from equation (58), it follows that

By, = —I,(T) = %[ln[l +6(T - to)]] (61)

Thus the order size during total time interval [0, T] is

A A
Q=Z+By=aty +§t§ + gtg + Q—(eeo(fo—fd) -1)+ g[ln[l +8(T —t,)]], ty<t
o

<T 62)

The total variable cost per unit time Z (to T ) is given by

Z,1(t,,T), Sub—case2.1 0<M<t,

Z(to T) _ 4 ZZZ(to T ), Sub — case 2.2 t, <M<ty 63)
’ Z23(to T ), Sub — case 2.3 ta <M<,
L224(t0_T ), Sub — case 2.4 M >t,

where

Z51(t,, T) = (Ordering cost + inventory holding cost for rented ware-house+ inventory holding cost for owned ware-
house + deterioration cost + backordered cost+ interest charge — interest earned)
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1 ty ty tq to to
= ?{A + h, U Ir(t)dt] + h, U I,(t)dt + f I,()dt + f Io(t)dt] +C [ 0, f Io(t)dt]
0 0 ty t t

d da

+ Gy MT—IS(t)dt] + CzA ftT (1 - ﬁ) dt

tr tr tq to

+cl, U Ir(t)dt+f Io(t)dt+f Io(t)dt+f Io(t)dt]
M M ty tg
M

—sl, U (a + pt+ ytz)tdt]}
0

A(1 Cp+C.6
= T{EWZJ_tg - X21t1 + YZl + %TZ - (Cb + CHS)tOT} (64’)

where

Wa1 = [Ro[Ootq + 1]+ CO, + (Cp + C6) + clc[0,(tg — M) + 1]], X1 = [hoeotg +CO,tq + cl[M +
GJAQ—MMam

1 a B % a I y A6,t3 A
YZl=E[A+hr{5tr2+§tE+Zt;*}+hO[E(t§—t3)+§(t3—tﬁ)+z(t§—t;‘)+ ; - Etﬁ
A

+C§90t§

@ 2 ﬂ 2 )4 2 2 2 A 2
+cl, E(td—M) +g(2td+M)(td—M) +E(3td+2th+M )ty — M)* — Etd

A0,t5(ty — M a

+ AMt, +%)] —sl, (EMZ +§M3 +£M4)].

Z5,(t,, T) = (Ordering cost + inventory holding cost for rented ware-house+ inventory holding cost for owned ware-
house + deterioration cost + backordered cost+ interest charge — interest earned)

1 tr tr ta to to
=—<A+h, L.(t)d he I,(t)d 1,(t)d 1,(t)d clo,| 1,()d
{ + UO (®) t]+ UO (t)t+ft ®) t+f 3] t]+ [ ft 3 t]

T r ta d

+ G U:—Is(t)dt] + C A ftj (1 - ﬁ) dt + cl, U:lo(t)dt + ftolo(t)dt]

ta

tr M
—sl, [ (a+pt+ytHtdt + | (a+ pt+ ytz)tdt]}
0 ty

(Cb + Cn'6)

PECI
=T EWZZto_X22t0+Y22+ 5

T? — (Cp + Cn5)t0T} (65)
where

Wy = [holBota + 114 CO, + (Cp + C8) + ¢l [0,(tg — M) + 11], X5, = [hoeotfi + COyty + cl.[M +
Bota(ty — M)]| and
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1 a B % a B y A6t A
Vor =;[A+hr{§tz+§ts+gt;*}+ho [5@5 N R (R PR Y (R B L
A
+ C=0,t5

2
a 2 ﬁ 2 |4 2 2 2 A 2
+cl, E(td—M) +g(2td+M)(td—M) +E(3td+2th+M Wty —M)* — -t

2
A0 t2(ty — M
%)]—Sle (gMZ +£M3 +ZM4)].

M
+ AMt,; + > 3 4

Z»3(t,, T) = (Ordering cost + inventory holding cost for rented ware-house+ inventory holding cost for owned ware-
house + deterioration cost + backordered cost+ interest charge — interest earned)

1

tr
f Ir(t)dt] + h,
0

t, tq to to
I,(t)d 1,(t)d I,(t)d cle,| I,(t)d
fo (t) t+ftr (t) t+ft () t]+ [ ft () t]

d d

+ Gy Utj_IS(t)dt] + C, A ft: (1 - ﬁ) dt +cl. [fMtan(t)dt]

tr ta M
—sl, [ (a+pt+ytHtdt + | (a + Bt + yt?)tdt + f Atdt]}
0

ty tq

T =Wystd — Xpaty + Yoz + >

_,1{1 (Cp + C,5)
=Z1= b T Er0)

T2 — (C, + Cn6)toT} (66)

where

Wys = [RolB,tq + 11+ CO, + (Cp + C8) + cl.], X553 = [R,0,t3 + CO,t, + cI.M] and

a B 14 a B 14
A+hr{§trz+—t§+—tf}+ho [E(tfi—trz)+§(t2 —tr3)+z(t§—tf)+

3 4
t2 3 t;‘) AM? Atﬁl

1
Y3 ==

A 2 - d

10,65 A P
2

rcloezra i al+pL+yld)+
2 Yotd T Cley e\¥2 TP3TYY 2 2

and

Z4(t,, T) = (Ordering cost + inventory holding cost for rented ware-house+ inventory holding cost for owned ware-
house + deterioration cost + backordered cost — interest earned)

= %{A + h, [fotrlr(t)dt] + h, U;trlo(t)dt + ft:dlo(t)dt + f:olo(t)dt] +C [ 0, fttulo(t)dt]

da d

+ Gy UtT_IS(t)dt] + C, A LT (1 - %) dt

o

tr ty
—sl, [ (a+ Bt +ytHtdt + M —t,) | (a+ pt+yt?)dt
0 0

tg tg to
+ | (@+pt+ytHtdt+ M —t,) | (a+pt+ytd)dt+ | Atdt
tr t, ta
to
+M—-ty) | (a+pt+ ytz)dt]}
ta
A1 (Cy + C0)
= T §W24_to - X24_to + Y24 + TT - (Cb + Cn6)toT (67)
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whete
Way = [hol0ota + 11+ CO, + (Cy + C8) + sI], Xqy = [h090t§ + COotq + sl [tq + M =3 (aty + ﬁ§+
)|
B 14

1 a a
= A+hr{5t3+—tﬁ +—t;*}+ho [z(tﬁ—t$)+ﬁ

3

Y A6,t3 2
3 _ 43 L4 _ 14 _ 42
(td tr) + 4 (td tr) + 2 2 td

24 =7 37Ty

y) ti  t3  th t:  t3\ At3
+CEGOt§—sIe[<a?+B?+yZ +M atd+ﬁ7+y§ -~ Mtadf|.

3.2.1 Optimal Decision

In order to find the optimal ordering policies that minimize the total variable cost per unit time, the necessary and
sufficient conditions are established. The necessary condition for the total variable cost per unit time Z;;(t,,T) to be

0Zj(to, 0Z;j(t,, . . .
02yt _ 0 and 92yt _ 0 fori = 2when ty; > t, and j = 1,2, 3,4. The value of (t,, T) obtained

at, ar

0Zj(to,T) 0Z; j(to.T) . . . 922;i(t0,T)\ (022i(to,T)

— - =0and——><*=0 and for which the sufficient condition ( > ) ( ) —
dt, aT otd aT?

(azzij(to,T)
at, oT

minimum ate

from

2
) } > 0 is satisfied gives a minimum for the total variable cost per unit time Z;;(t,, T).

Optimality condition for sub-case 2.1: 0 < M < t,.

.. . . . .. 0751 (to,T
The necessary conditions for the total variable cost Z4 (t,, T) in equation (64) to be the minimum are 2;+°) =0and
o
0Z31(80,T) _ : .
—Qr = 0, which give

0Z,1(t,,T) A

= 7 Waito = X1 = (Cp + Cr8)T} = 0 (68)
and
T = ;(Wmto — Xz1) (69)
(Cp + C0)
Note that

Wity — Xa1 = [Ro (640, (to — ta) + £5) + CO,(t, — ta) + (Cp + Cr)t,
+cl((tp — M) + 60,(tg — M)(t, — ty))] >0

since (tq — M), (£, = M), (£, — t4),> 0

Similarly
0Z,4,(t,,T) A (1 T?
2167710 = _F{EWutg —Xz1to + Y21 — 7(613 +Cr8) =0 70)

Replacing T' from equation (69) into equation (70) yields
W21(W21 - (Cp + Cn5))tg - 2X210/1/21 - (Cp + Cn6))to — (2(Cp + C18)Y,; —X31) =0 (71)
Let A21= WZI(WZI - (Cb + Cn5))tr2 - 2X21(W21 - (Cb + Cna))tr - (Z(Cb + Cﬂa)Y21 - X%l)a theﬂ the

following result is obtained.
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Lemma 3.2.1

() If A,;=< 0, then the solution of t, € [t,, ©) (say t;,;) which satisfies equation (71) does not only exist but also
unique.

(ii) If Ay1> 0, then the solution of t; € [t,, o) which satisfies equation (71) does not exist.
Proof: The process of proof is similar to Lemma 3.1.1.

Thus, the value of t, (denoted by t;,1) can be found from equation (71) and is given by

L Xy 1 j(ZWmYm—X%l)(chna) 72

top1 =7 +——
T Wy Wy (Wa1 — (Cp + C8))
Once t,,q is obtained, then the value of T (denoted by T5;) can be found from equation (69) and is given by

Ty = m(Wutzm —X31) (73)

Equations (72) and (73) give the optimal values of t;,; and Ty for the cost function in equation (33) only if X,q satisfies
the inequality given in equation (74)

X3; < 2Wyp Yy, (74)
Theorem 3.2.1

(i) If A< 0, then the total variable cost Z, (t,, T) is convex and reaches its global minimum at the point (t5,1, To1),
where (t;21, T51) is the point which satisfies equations (71) and (68).

(ii) If Ay1> 0, then the total variable cost Z,4 (t,, T) has a minimum value at the point (t;,1, T51) where t;,; = t, and
Ty = m(Wutr —X21)

Proof: The process of proof is similar to Theorem 3.1.1.

Optimality condition for sub-case 2.2: £, < M < t4

The necessary conditions for the total vatiable cost Z,5(t,, T) in equation (34) to be the minimum are % = 0and
0Z55(toT) _ S
— o = 0, which give

0Z,,(t,, T) A

—5r = 7 Wato = Xa2 = (G + Cx8)T} = 0 (75)

o

and

T= ! (Waato — X32) 76
Note that

Wost, — Xy = [ho(tdgo(to —tg) +t,) +CO,(t, —tg) + (Cp + CO)t,
+cl((to — M) + 6,(tg — M)(t, — )] >0

since (tg — M), (t, — M), (t, —tyz) >0
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Similarly
0Z,,(t,, T) A (1 T?
— a7 = ~7zi3Wazts —Xazto + Yo = (Cy + Cr8) (= 0 (77)

Replacing T from equation (70) into equation (77) yields
sz(sz —(Cp + Cn5))t§ - ZXZZ(WZZ - (Cp + Cn5))to — (2(Cy + C18)Y,, — X5,) = 0(78)

Let Agy= Wy (Wyy — (Cp + C8))t3 — 2Xp3(Way — (Cp + C8))tqg — (2(Cp + Cr8)Yyy —X3,),  then  the
following result is obtained.

Lemma 3.2.2

() If A,,;< 0, then the solution of t, € [ty, ) (say t,,,) which satisfies equation (78) does not only exist but also
unique.

(ii) If Aj,> 0, then the solution of t, € [tg, ©)which satisfies equation (78) does not exist.
Proof: The process of proof is similar to Lemma 3.1.1.

Thus, the value of t, (denoted by t5,5,) can be found from equation (78) and is given by

X 1 J(ZWZZYZZ—ng)(Cana) 79

thyy = o+ ——
022 Wy, Wa, (Wyy — (Cp + C0))
Once t;,, is obtained, then the value of T (denoted by T5,) can be found from equation (76) and is given by

Ty, = G 0.5 (Waatgan — X32) (80)

Equations (79) and (80) give the optimal values of t;,, and Ty, for the cost function in equation (34) only if X,, satisfies
the inequality given in equation (81)

X3, < 2Wy,Yy, 81
Theorem 3.2.2

(i) If A,,< 0, then the total variable cost Z,,(t,, T) is convex and reaches its global minimum at the point (t552, T52),
where (t522, T2) is the point which satisfies equations (78) and (75).

(ii) If Ay,> 0, then the total variable cost Z,5(t,, T) has a minimum value at the point (t;.,, Top) Where ty,, = tg
. 1
and Ty = ©orcd) (Wazt, — X22)

Proof: The process of proof is similar to Theorem 3.1.1.

Optimality condition for sub-case 2.3: t; < M < t,

0Z,3(to,T) _

The necessary conditions for the total vatiable cost Z,3(t,, T) in equation (35) to be the minimum are . 0 and
o

0Z,3(t T L

—236(;0 ) = 0, which give

0Zy3(to, T) _ A

ET: = T{WBtO — X3 = (Cp + C6)T}=0 (82)
o
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and
T = ! (Wst X53) 83
Note that

Wast, — Xo3 = [ho (840, (t — ta) +t,) + CO,(t, — tg) + (Cp + Crd)t, + cl (t, —M)] >0

since (t, — M), (t, —ty) >0

Similarly
0Z53(t,, T) A1 r
23(377,0: —ﬁ{iwzﬂg_xzsto"'yzs_7(6b+cn5) =0 (84)

W23(W23 —(Cp + Cna))tg - 2X23(W23 - (Cp + Cna))to — (2(Cp + C18)Y,3 — X33) = 0(85)

Let Ayz= Ways(Was — (Cp + C8))M? — 2X53(Wa3 — (Cp + C8)) M — (2(Cp + C18)Ya3 —X33),  then  the
following result is obtained.

Lemma 3.2.3

() If A,3< 0, then the solution of t, € [M, o) (say t;,3) which satisfies equation (85) does not only exists but also
unique.

(ii) If Aj3> 0, then the solution of t, € [M, 0)which satisfies equation (85) does not exist.
Proof: The process of proof is similar to Lemma 3.1.1.

Thus, the value of t, (denoted by t;,3) can be found from equation (85) and is given by

(86)

023 —
W23 W23

—— Xo3 + 1 [CWy3Yo3 — X33)(Cy + C6)
(W23 (O Cn5))

Once t;,3 is obtained, then the value of T (denoted by T53) can be found from equation (82) and is given by

Ty = m(w23t;23 —X33) (87)

Equations (86) and (87) give the optimal values of t;,3 and T,z for the cost function in equation (35) only if X,3 satisfies
the inequality given in equation (88)

X33 < 2Wap3Ys3 (88)
Theorem 3.2.3

(i) If Ap3< 0,then the total variable cost Z,3(t,, T) is convex and reaches its global minimum at the point (5,3, T53),
where (t323, T53) is the point which satisfies equations (85) and (82).

(if) If Ap3> 0, then the total variable cost Z,3(t,, T) has a2 minimum value at the point (t;,3, To3) where t;,3 = M and
s 1 —
Ty = CptCad) (WM —X33)

Proof: The process of proof is similar to Theorem 3.1.1.

Optimality condition for sub-case 2.4: M > t,,.
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The necessary conditions for the total variable cost Z,4(t,, T) in equation (67) to be the minimum are W = 0and
o
0Z54(toT) _ o
T = 0, which give
0Z,,(t,, T A
Pelo D) _ Aty — X0~ (€ + €O = 0 (89)
dt, T
and
T = ! (Waut, — X54) (90
- (Cb T CT,_-(S) 24%0 24 )
Note that
Wosto —Xp4 = [ho (tdeo(to - td) + to) + Cgo(to - td) + (Cb + Cng)to
t;  t3\1
sl |ty —t)) +|atg +B2+y2)>-M||>0
2 3/2
since, (t, —tz) >0
Similarly
0Z,4(t,,T) A (1 T?
a—TO =72 §W24t§ — Xoalo + Ypq — 7(Cb +C6) =0 (91)

Replacing T from equation (90) into equation (91) yields

W24(W24 - (Cp + CnS))fg - 2X24(W24 - (Cy + Cn5))to — (2(Cp + C8)Y,4 —X5,) = 0(92)
Let Azge= W24(W24 - (Cp + Cn5))t§ - 2X24(W24 - (Cy + Cn5))td — (2(Cp + C18)Yoy —X3,) and  Ayyp=
Waa(Way — (Cp + C8))M? — 2X54(Way — (Cy + C8))M — (2(Cp + C8) Yoy — X34), then the following result is
obtained.

Lemma 3.2.4

(1) If Aypq< 0 < Ayyyp, then the solution of t, € [ty, M] (say t;,4) which satisfies equation (92) does not only exists
but also unique.

(i) If Ay4p< 0, then the solution of t, € [ty, M] which satisfies equation (92) does not exist.
Proof: The process of proof is similar to Lemma 3.1.1.

Thus, the value of t, (denoted by tj,4) can be found from equation (92) is given by

X24 i\/(ZWZA}YZA} —X3,)(Cy + C6) 93)

thry = ot
T Woy Wy (Was = (Cp + C6))

Once tyy4 is obtained, then the value of T (denoted by T5,4) can be found from equation (90) and is given by
T3a =

() (Wautsoa — X24) (94)
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Equations (93) and (94) give the optimal values of t;,, and Ty, for the cost function in equation (67) only if X,4

satisfies the inequality given in equation (95).
X34 < 2Wp4Ya4

Theorem 3.2.4

(95)

() If Apsq< 0 < Ay4p, then the total variable cost Z,4(t,, T) is convex and reaches its global minimum at the point
(ts24, T24), where (524, Tos)is the point which satisfies equations (92) and (90).

(ii) If A4»< 0, then the total variable cost Z54(t,, T) has a minimum value at the point (ty54, Tsy) Where t5y4 = M

1

Corcosy WaaM —Xa4).

and T2*4_ =

(ili) If Aysq> 0, then the total variable cost Z,4(t,, T) has a minimum value at the point (t;54, T54) whete ty,, = tg

; 1
and T2y = o (Waata — Xa4)

Proof: The process of proof is similar to Theorem 3.1.1.

Thus, the economic order quantity (EOQ) corresponding to the optimal cycle length T will be computed as follows:

EOQ* =The maximum inventoty +the backordered units during the shortage period.

B Y

A . A
=aty+-t3+-t3+ Q—(e"o(fo‘td) -1)+ 3 [In[1+6(T* —t5)]] (96)
o

2 3

3.2.2 Numerical Examples

This section provides some numerical examples to
illustrate the model established.

Example 3.2.1 (Sub-case 2.1)

The data are same as in Example 3.1.1 except that tg =
0.2218 year (81 days). It is observed that Ayq=
—53.3986 < 0, X3, = 0.6836, 2W,,Y,; = 103.4295
and hence X3, < 2W,,Ys;. Substituting the above
values in equations (72), (73), (64) and (96), the value
of optimal time at which the inventory level reaches zero
in the owned ware-house, cycle length, total variable cost
and economic order quantity are respectively obtained as
follows: t;,1; = 0.4257 year (155 days), To; = 0.6013
year (220 days), Zo1(ty21, To1) = $1896.2495 per year
and E0Q3; = 388.0180 units per yeat.

Example 3.2.2 (Sub-case 2.2)

The data are same as in Example 3.2.1 except that M =
0.2382 year (87 days). It is observed that M >
ty, Dyp= —42.1049 < 0, X3, = 2.5041, 2W,,Y,, =
85.1944 and hence X%, < 2W,,Y,,. Substituting the
above values in equations (79), (80), (65) and ((96),
the value of optimal time at which the inventory level
reaches zero in the owned ware-house, cycle length, total
vatiable cost and economic order quantity ate
tespectively obtained as follows: ty,, = 0.4064 year
(148  days), Ty, =0.5403 year (197 days),

Zy7(to22, Toy) = $1446.2407 per year and EOQ3, =
362.5485 units per year.

Example 3.2.3 (Sub-case 2.3)

The data are same as in Example 3.2.1 except that M =
0.2464 year (90 days). It is observed that M >
tg, Ayz= —39.3460 < 0, X3, = 2.6249, 2W,3Y,3 =
86.8411 and hence X35 < 2W,3Y,5. Substituting the
above values in equations (86), (87), (66) and ((96),
the value of optimal time at which the inventory level
reaches zero in the owned ware-house, cycle length, total
variable cost and economic order quantity are
respectively obtained as follows: t;,3 = 0.4107 year
(150  days), Ty3 =0.5452 vyear (199 days),
Z3(t523, Ty3) = $1452.6834 per year and EOQ53 =
364.7353 units per year.

Example 3.2.4 (Sub-case 2.4)

The data are same as in Example 3.2.1 except that M =
0.3559 year (130 days). It is obsetved that Ay,,=
—18.4884 < 0, Ayyu,= 15.1201 > 0, X3, = 0.9060,
2W5,Y,4 = 53.4469. Here hence Apyq< 0 < Ay
and X3, < 2W,,Y,,. Substituting the above values in
equations (93),(94),(67) and ((96), the value of
optimal time at which the inventory level reaches zero in
the owned ware-house, cycle length, total variable cost
and economic order quantity are respectively obtained as
follows: t;,4 = 0.3011 year (110 days), To, = 0.4184
year (153 days), Zo4(t524, Tos) = $1266.3614 per year
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and E0Q;, = 308.0575 units per year. It is also seen
that M > t,,.

3.2.3 Summary of numerical examples

Table 3.2.3 Comparison of Results

Sub-cazes t;(vears) T*(vears) Z{ts. T)H EOQ* Units per
vear)

21 0.4257 06013 1896.2495 388.0180

22 04064 0.5432 14462407 362.3485

23 0.4107 0.54335 1432.65854 364.7353

24 0.3011 04154 1266.53614 308.0575

Sub-case 2.4 provide the optimal deterioration period,
cycle length and total variable cost while sub-case 2.1
provides the optimal EOQ), as such, case 2.1 and 2.4 are
the feasible cases in which an optimal case can be
determined. On average, 1.7637 units can be ordered per
day at a cost of $8.6193 when the time to settle the
account starts from the beginning of the cycle length to
the time in which the product starts decaying (Sub-case
2.1) while 2.0135 units can be ordered per day at a cost
of $8.2769 when the time to settle the account exceeds
the time at which the inventory level reaches zero in the
owned ware-house (Sub-case 2.4). This indicates that
sub-case 2.4 provided the optimal EOQ at minimal cost
per day. This shows that considering the credit period to
be from the time at which the inventory level reaches
zero in the owned ware-house provides both optimal
total variable cost and profit which proved sub-case
2.4 optimal among others.

Generally, determining the optimal among the optimal
cases of these two different models would prove the
optimal among the models. Using the same data of both
numerical examples the optimal sub-cases of these two

cases can be compared, and it is discovered from sub-case
12 of Case 1 that t;= 04244y, T*=0.5695y,
Z(t;, T*)=($)1567.2293 and E0Q*=793.8139 while in
sub-case 2.4 of Case II ty;= 03011y, T*=0.4184y,
Z(t;, T*)=($)12663614 and EO0Q*= 308.0575 which
shows that Case I provided the optimal order quantity
while Case II provided the optimal total variable cost but,
in Case I 3.8164 units are ordered per day at $7.5348 while
in Case II 2.0135 units are ordered per day at $8.2769
which clearly shows that Case I is an optimal model.

SENSITIVITY ANALYSIS

The sensitivity analysis associated with different
parameters is performed by changing each of the
parameters from —40% to 40% taking one parameter at
a time and keeping the remaining parameters unchanged.
The effects of these parameters on length of time at
which the inventory level reaches zero in the owned
ware-house, cycle length, total variable cost and the
economic order quantity per cycle for all the examples in
Case I and Case 1I have been presented in the Tables
below.
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Sub-cases Y change

% change in t;

% changein T*

% change in

% change in

ind E0Q* Z(t:, T
1.1 -0.8812 1.1591 -1.2672 -5.4415
1.2 —40%  -0.6237 1.1103 -21.9649 -0.8968
13 -0.6129 1.1073 -25.5357 -0.8902
1.4 -0.7337 1.1752 -27.1389 -0.9836
2.1 -0.8579 1.1572 1.2006 -1.0262
2.2 -0.5847 1.0988 0.9891 -0.8726
23 -0.5784 1.0969 0.9906 -0.8687
2.4 -0.7362 1.1760 0.9521 -0.9852
1.1 -0.4290 0.5612 -0.6028 27622
1.2 —20%  -0.3034 0.5376 -10.5492 -0.4362
13 -0.2981 0.5361 -12.2620 -0.4330
1.4 -0.3571 0.5690 -13.0507 -0.4787
2.1 -0.4176 0.5603 0.5714 -0.4995
2.2 -0.2844 0.5319 0.4728 -0.4244
23 -0.2813 0.5310 0.4735 -0.4225
2.4 -0.3583 0.5695 0.4558 -0.4795
1.1 0.4075 -0.5279 0.5492 2.8383
1.2 +20%  0.2877 -0.5055 9.7801 0.4137
13 0.2827 -0.5041 11.3643 0.4106
1.4 0.3391 -0.5353 12.1262 0.4545
2.1 0.3966 -0.5270 -0.5211 0.4744
2.2 0.2696 -0.5002 -0.4345 0.4024
23 0.2667 -0.4993 -0.4351 0.4005
2.4 0.3402 -0.5357 -0.4200 0.4553
1.1 0.7951 -1.0253 1.0516 5.7464
1.2 +40% 05610 -0.9818 18.8742 0.8066
13 0.5512 -0.9790 21.9280 0.8005
1.4 0.6614 -1.0397 23.4250 0.8867
2.1 0.7738 -1.0237 -0.9982 0.9257
2.2 0.5256 -0.9714 -0.8352 0.7844
23 0.5199 -0.9698 -0.8364 0.7808
24 0.6637 -1.0405 -0.8082 0.8882
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Table 4.2 Effect of interest charges (I;) on decision Variables

Sub- % % change in t; % change in T* % change in % change in
cases change EOQ* Z(t;, T")
inl,

1.1 9.6153 5.1399 3.9474 -2.8432
1.2 —40% 6.4488 4.3557 41.3412 -1.7662
1.3 6.2296 4.2385 49.1319 -1.6435
1.4 0.000 0.000 0.000 0.000
2.1 9.2624 4.8210 3.5587 -5.9483
2.2 6.1249 4.1944 2.8701 -1.6645
2.3 5.9755 4.1177 2.8253 -1.5543
24 0.000 0.000 0.000 0.000
1.1 4.4982 2.3805 1.8310 -1.3971
1.2 —20% 2.9966 2.0211 15.6815 -0.8320
1.3 2.8935 1.9661 18.6145 -0.7735
1.4 0.000 0.000 0.000 0.000
2.1 4.3323 2.2264 1.6468 -2.8800
2.2 2.8448 1.9455 1.3310 -0.7840
2.3 2.7745 1.9096 1.3100 -0.7310
24 0.000 0.000 0.000 0.000
1.1 -3.9913 -2.0729 -1.5992 1.3491
1.2 +20% -2.6273 -1.7678 -10.6497 0.7462
1.3 -2.5351 -1.7188 -12.6168 0.6927
1.4 0.000 0.000 0.000 0.000
2.1 -3.8429 -1.9276 -1.4319 2.7164
2.2 -2.4923 -1.7004 -1.1630 0.7032
2.3 -2.4292 -1.6687 -1.14435 0.6536
2.4 0.000 0.000 0.000 0.000
1.1 -7.5612 -3.8923 -3.0075 2.6520
1.2 +40% -4.9509 -3.3277 -18.3959 1.4195
1.3 -4.7756 -3.2349 -21.7760 1.3169
1.4 0.000 0.000 0.000 0.000
2.1 -7.2792 -3.6093 -2.6867 5.2894
2.2 -4.6949 -3.1998 -2.1884 1.3379
2.3 -4.5749 -3.1398 -2.1530 1.2418
24 0.000 0.000 0.000 0.000
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Table 4.3 Effect of interest earn (I,) on decision Variables

Sub- % % change in % change in T* % change in % change in
cases chan ts EOQ* Z(t;, T")
ge in
I,
1.1 0.3420 0.3599 0.2528 0.3917
1.2 —40% 3.7352 4.1520 4.0674 5.3708
1.3 3.8732 4.3163 5.6208 5.6254
1.4 22.9868 19.6767 15.5582 11.1561
2.1 0.3519 0.3720 0.2507 0.4209
2.2 4.9672 5.5733 3.6390 7.4129
2.3 4.6624 5.2397 3.4315 7.0023
2.4 28.1517 24.5809 14.8570 15.4099
1.1 0.1712 0.1801 0.1265 0.1960
1.2 —-20% 1.8866 2.0971 2.0565 2.7127
1.3 1.9570 2.1809 2.8428 2.8424
1.4 10.9142 9.5807 8.1137 6.1482
2.1 0.1761 0.1862 0.1255 0.2107
2.2 2.5172 2.8244 1.8449 3.7567
2.3 2.3609 2.6533 1.7383 3.5458
2.4 13.4926 12.1091 7.3000 8.5559
1.1 -0.1715 -0.1804 -0.1268 -0.1964
1.2 +20% -1.9270 -2.1420 -2.1050 -2.7708
1.3 -2.0007 -2.2296 -2.9120 -2.9058
1.4 -10.0527 -9.2914 -8.9154 -7.3320
2.1 -0.1764 -0.1865 -0.1257 -0.2111
2.2 -2.5904 -2.9005 -1.9000 -3.8659
2.3 -2.4253 -2.7256 -1.7870 -3.6425
2.4 -12.7355 -12.0983 -7.2649 -10.4617
1.1 -0.4292 -0.4517 -0.3174 -0.4917
1.2 +40% -4.8993 -5.4460 -5.3608 -7.0447
1.3 -5.0903 -5.6727 -7.4207 -7.3932
1.4 -24.0621 -23.1501 -24.2001 -20.8027
2.1 -0.4417 -0.4670 -0.3147 -0.5284
2.2 -6.6285 -7.4373 -4.8646 -9.8922
2.3 -6.1964 -6.9636 -4.5681 -9.3062
2.4 -31.3614 -31.1754 -18.6897 -30.6977
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Table 4.4 Effect of shortage cost (Cp) on decision Variables

Sub-cases % change in % change % change in T* % change in %
Cy inty E0Q* change

in

Z(t5,T")

1.1 -5.6325 7.8524 4.4093 -9.9386
1.2 —40% -4.0223 7.5319 22.8794 -5.7837
1.3 -3.9546 7.5116 31.3419 -5.7436
1.4 -4.7016 7.9580 32.5846 -6.3030
2.1 -5.4868 7.8402 4.2626 -6.5634
2.2 -3.7769 7.4556 4.1929 -5.6366
23 -3.7372 7.4435 4.1966 -5.6128
24 -4.7171 7.9636 4.1566 -6.3125
1.1 -2.3984 3.2127 1.8399 -4.1988
1.2 —20% -1.7024 3.0788 9.5585 -2.4479
1.3 -1.6732 3.0703 13.0706 -2.4302
1.4 -1.9987 3.2568 13.6096 -2.6793
2.1 -2.3353 3.2076 1.7778 -2.7935
2.2 -1.5968 3.0470 1.7393 -2.3830
2.3 -1.5797 3.0419 1.7409 -2.3725
2.4 -2.0053 3.2592 1.7234 -2.6835
1.1 1.8521 -2.3595 -1.3865 3.2117
1.2 +20% 1.3042 -2.2585 -7.2081 1.8753
1.3 1.2813 -2.2521 -9.8346 1.8610
1.4 1.5399 -2.3928 -10.2628 2.0644
2.1 1.8024 -2.3556 -1.3387 2.1560
2.2 1.2215 -2.2345 -1.3000 1.8229
2.3 1.2081 -2.2307 -1.3013 1.8145
2.4 1.5453 -2.3946 -1.2875 2.0679
1.1 3.3267 -4.1672 -2.4707 5.7508
1.2 +40% 2.3360 -3.9872 -12.8446 3.3589
1.3 2.2947 -3.9759 -17.5119 3.3328
1.4 2.7639 -4.2266 -18.2894 3.7053
21 3.2367 -4.1603 -2.3849 3.8717
22 2.1867 -3.9446 -2.3097 3.2634
2.3 2.1627 -3.9378 -2.3119 3.2481
2.4 2.7735 -4.2298 -2.2873 3.7116
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Table 4.5 Effect of cost of lost sales (Cj;) on decision Vatiables

Sub-cases % change in % change % change in T* % change in %
Cr inty EO0Q* change in

Z(ty,T™)

1.1 -0.8812 1.1591 0.6700 -5.4415
1.2 —40% -0.6237 1.1103 3.4817 -0.8968
1.3 -0.6129 1.1073 4.7572 -0.8902
14 -0.7337 1.1752 4.9572 -0.9836
2.1 -0.8579 1.1572 0.6472 -1.0262
2.2 -0.5847 1.0988 0.6315 -0.8726
23 -0.5784 1.0969 0.6321 -0.8687
24 -0.7362 1.1760 0.6256 -0.9852
1.1 -0.4290 0.5612 0.3253 -2.7622
1.2 —20% -0.3034 0.5376 1.6906 -0.4362
1.3 -0.2981 0.5361 2.3094 -0.4330
1.4 -0.3571 0.5690 2.4070 -0.4787
2.1 -0.4176 0.5603 0.3142 -0.4995
2.2 -0.2844 0.5319 0.3064 -0.4244
2.3 -0.2813 0.5310 0.3066 -0.4225
2.4 -0.3583 0.5695 0.3035 -0.4795
1.1 0.4075 -0.5279 -0.3075 2.8383
1.2 +20% 0.2877 -0.5055 -1.5985 0.4137
1.3 0.2827 -0.5041 -2.1825 0.4106
14 0.3391 -0.5353 -2.2758 0.4545
2.1 0.3966 -0.5270 -0.2970 0.4744
22 0.2696 -0.5002 -0.2892 0.4024
2.3 0.2667 -0.4993 -0.2894 0.4005
24 0.3402 -0.5357 -0.2864 0.4553
1.1 0.7951 -1.0253 -0.5987 5.7464
1.2 +40% 0.5610 -0.9818 -3.1122 0.8066
1.3 0.5512 -0.9790 -4.2485 0.8005
1.4 0.6614 -1.0397 -4.4310 0.8867
2.1 0.7738 -1.0237 -0.5782 0.9257
2.2 0.5256 -0.9714 -0.5625 0.7844
23 0.5199 -0.9698 -0.5631 0.7808
2.4 0.6637 -1.0405 -0.5572 0.8882
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RESULTS AND DISCUSSION

Based on the computational results shown in Tables and
figures above, the following managerial insights are
obtained.

From Table 4.1, when the backlogging parameter
(8) increases, the optimal time at which the
inventory level reaches zero in the owned ware-
house (t;), economic order quantity (EOQ*) and
total variable cost (Z( t;,T*)) increase, while the
optimal cycle length (T*) decrease and vice versa.
This is usually the case in real life, as any increase in
backorder rate increases the order quantity while
any increase in order quantity increases the total
variable cost. A balanced backlogging rate is
recommended to optimize the total variable cost
and profit at the same time.

(i)  From Table 4.2, it is observed that as the interest

charge (I..) increases, the optimal time at which the
inventory level reaches zero in the owned ware-
house (t;), cycle length (T*) and order quantity
(EOQ*) decrease, while the total variable cost
(Z(T*, t})) increases and vice versa. This means
that when interest charge increase, the retailer shall
otder fewer amounts of goods to take the benefit of
trade credit more recurrently. As for M > t,,
increase/decrease in interest charge (I.) does not
affect the optimal time at which the inventory level
reaches zero in the owned ware-house (t;), cycle
length (T™), economic order quantity (EOQ™) and
total variable cost (Z(t;, T*)), this is because the
interest charge is zero when M > t,. Minimum
interest charge is recommended to minimize the
total variable cost in this situation.

(iii) From Table 4.3, when the interest earned (I,)

increases, the optimal time at which the inventory
level reaches zero in the owned ware-house (t),
cycle length (T*), economic order quantity
(EOQ*) and total variable cost (Z(t;, T*))
decrease and vice versa. This implies that the retailer
shall order fewer goods to take the benefit of trade
credit more recurrently.

(iv)  From Table 4.4, it is observed that when shortage

cost (Cp) increases, the optimal time at which the
inventory level reaches zero in the owned ware-
house (t;) and total variable cost (Z(t;, T*))
increase, while the optimal cycle length (T*) and
economic order quantity (EOQ™ ) decrease and vice
versa. This implies that when the shortages cost
increase, the total variable cost increase and the
number of back-ordered goods reduce drastically
which in turn lead to a decrease in order quantity.

) From Table 4.5, when the cost of lost sales (C; )
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increases, the optimal time at which the inventory
level reaches zero in the owned ware-house (t;)
and total variable cost (Z (¢5, T*)) increase, while

the optimal cycle length (T*) and economic order
quantity (EOQ™) decrease and vice versa. This
shows the extreme need of a minimum cost of lost
sales to optimize the total variable cost.

CONCLUSION

In this research, an EOQ model for non-instantaneous
decaying goods with two-phase demand rates, two-
storage facilities and shortages under permissible delay in
payments has been established. The demand rate before
deterioration sets in is assumed to be a time-dependent
quadratic function after which it is considered as a
constant function up to when the inventory is completely
used up. Shortages considered which are partially
backlogged. The length of the Waiting time would
determine whether backlogging will be accepted or not,
hence, the backlogging rate is variable and depends on
the waiting time for the next replenishment. The optimal
time at which the inventory level reaches zero in the
owned ware-house, cycle length and order quantity that
minimizes total variable cost has been determined. Some
numerical examples have been given to demonstrate the
assumed set of results of the model. Then Sensitivity
analysis of some model parameters on optimal solutions
have been performed and finally, suggestions toward
minimizing the total variable cost of the inventory system
have been provided. The model can be extended by
taking more realistic assumptions such as variable
deterioration rate, inflation rates, reliability of goods,
linear holding cost and so on.
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